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Abstract. Painlevé paradox occurs in rigid-body dynamics of mechanical systems with frictional
contacts at conﬁgurations where the instantaneous solution is either indeterminate or inconsistent.
Dynamic jamming is a scenario where the solution starts with consistent slippage and then converges
in ﬁnite time to a conﬁguration of inconsistency while the contact force grows unbounded. The goal of
this paper is to demonstrate that these two phenomena are also relevant to the ﬁeld of robotic walking,
and can occur in two classical theoretical models of passive dynamic walking — the rimless wheel
and the compass biped. These models typically assume sticking contact and ignore the possibility of
foot slippage, an assumption which requires suﬃciently large ground friction. Nevertheless, even for
large friction, a perturbation that involves foot slippage can be kinematically enforced due to external
forces, vibrations, or loose gravel on the surface. In this work, the rimless wheel and compass biped
models are revisited, and it is shown that the periodic solutions under sticking contact can suﬀer
from both Painlevé’s paradox and dynamic jamming when given a perturbation of foot slippage.
Thus, avoidance of these phenomena and analysis of orbital stability with respect to perturbations
that include slippage are of crucial importance for robotic legged locomotion.

1. Introduction. Painlevé’s paradox occurs in rigid-body mechanics of contact
with dry friction, where the instantaneous solution of the contact dynamics becomes
either inconsistent or indeterminate in certain conﬁgurations [27, 39]. This paradox
has been demonstrated mathematically in simple models of a rigid rod or rectangular
block sliding on a rough plane [23, 39] (Figure 1.1(a)), as well as more complicated
models of multibody mechanisms with a single frictional contact [38]. In order to resolve Painlevé’s paradox, one approach proposes regularization of the bodies’ rigidity
into an elastic contact interaction, followed by rigorous examination of the limit of
inﬁnite stiﬀness [21, 41, 44]. This approach works well for resolving cases of solution
indeterminacy [35]. In conﬁgurations of inconsistency where no ﬁnite-force solution
exists that satisﬁes the rigid-body assumptions along with Coulomb’s friction law, it
has been shown that there exists a consistent solution under impulsive contact forces
[45], which is termed tangential impact [52], or impact without collision [4]. Although
Painlevé’s paradox and its resolution can be seen as a merely mathematical discussion stemming from the obvious shortcomings of rigid-body model and Coulomb’s
friction law, it appears that this paradox has roots in real-world physical phenomena
of frictional contact dynamics. Examples are the “squeaking” caused by intermittent
contact slippage of a chalk over a rough board [19], and the immediate bouncing outof-contact of a robotic system on a frictional conveyor belt [55], which was inspired
by the theoretical model studied in [23, 25]. Another phenomenon which is related
to Painlevé’s paradox is dynamic jamming [10, 38], where a rigid body or a multibody mechanism begins with consistent slippage and the dynamic solution reaches an
inconsistent conﬁguration in ﬁnite time, where the contact force grows unbounded.
This scenario has been analyzed theoretically by Génot and Brogliato [14] for the
rigid rod. Another mechanism of an inverted pendulum on a slider (IPOS) was proposed in [10, 38], see Figure 1.1(b), and its dynamic jamming solutions were analyzed.
An early attempt to experimentally demonstrate dynamic jamming in an IPOS-like
mechanism was made in [30], with only partial success. The main reason for the
diﬃculties in experimental realization of Painlevé’s paradox and dynamic jamming is
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Fig. 1.1. Examples of Painlevé’s paradox and dynamic jamming – (a) The sliding rigid rod
model. (b) Inverted pendulum on a slider (IPOS); Examples of passive dynamic walking – (c) The
compass biped model. (d) The rimless wheel model.

the fact that the conditions for their occurrence require extreme (and rare) values of
physical parameters, and a narrow range of initial conditions. The goal of this paper
is to demonstrate that Painlevé’s paradox and dynamic jamming phenomena can also
occur, at least theoretically, in another related and widely studied area — passive
dynamic walking. The principle of passive dynamic walking has been exploited long
time ago for bipedal toys walking down an inclined plane powered solely by gravity,
without motors and actuation. The pioneering work of McGeer [28] was the ﬁrst
one to theoretically study passive dynamic walking and analyze orbital stability of its
solutions. McGeer has studied a very simple model of a passive robotic walker what
consists of two rigid links connected by a passive rotary joint (Figure 1.1(c)), which
was later dubbed “compass biped” in [16]. He also identiﬁed in [28] that the passive
dynamics of a biped is also very similar to the intermittent rolling motion of a rimless
spoked wheel down an inclined plane, see Figure 1.1(d). Unlike the compass biped
model, the low dimensionality of the rimless wheel model enables explicit analysis
of its dynamics, as thoroughly studied by Coleman and Ruina in [6, 7]. Later on,
the study of bipedal passive walking has been extended to account for knees [29],
three-dimensional passive walker [9] and stabilization of lateral rocking [22]. More
importantly, several works has studied these simple walking models with added actuation [49, 54]. It has been found that controlled actuation which is based on passive
dynamics can signiﬁcantly improve the energetic eﬃciency of powered walking [8]. In
the last decade, feedback control of bipedal robotic walking has become a highly active research ﬁeld, incorporating advanced techniques of nonlinear control [17, 20, 53].
Most of these works treat the robot’s dynamics as a hybrid system [15], and orbital
stability is analyzed by using the notion of Poincaré map [18] and its adaptation to
hybrid systems [1, 32].
Importantly, almost all models of passive and actuated dynamic walking mentioned above make the key assumption that the foot that touches the ground (stance
foot) makes a sticking contact without slippage, eﬀectively resulting in a stationary
pivot point on the ground. Additionally, these works assume inelastic impact in the
collision of the free foot with the ground, which results in immediate sticking without
slippage. These two assumptions implicitly require that the foot-ground friction is
suﬃciently large in order to prevent foot slippage. Only very few works analyzed the
dynamics of bipedal walking under possible foot slippage [3, 48, 51], perhaps due to
the added complexity of the dynamics. The recent work by Gamus and Or [11, 12]
studies the dynamics of the two simple models of the rimless wheel and the compass
biped in cases of insuﬃcient ground friction that cannot maintain sticking contact of
the stance foot at all times. Using numerical investigation, the onset of periodic so2

lutions with stick-slip transitions and/or slipping impacts is demonstrated in [11, 12],
and their regions of existence and orbital stability are analyzed. In the case of actuated walking of the compass biped on a horizontal plane it is also shown in [11, 12]
that a feedback law that indirectly enforces slippage at the foot impacts can signiﬁcantly improve the energetic eﬃciency of walking, even for large friction under which
a solution without slippage is also possible.
Another important observation is that even in cases where the ground friction is
suﬃciently large, foot slippage in legged robots can always be kinematically enforced
at some instants, due to external disturbances and vibrations, non-ideal foot impacts,
sudden motion of small loose objects on the terrain (e.g. gravel), as well as inaccuracies
in the coordinated motion of the limbs in case of a multi-legged robot such as LittleDog
[33] and BigDog [43]. Nevertheless, all works in the literature on dynamic legged
locomotion study orbital stability only with respect to initial position-and-velocity
perturbations that are restricted to satisfy the no-slip assumption. The dynamic
response of a legged robot to a perturbation that enforces initial foot slippage is
precisely the case where scenarios of Painlevé’s paradox and dynamic jamming can
occur. This may have a crucial inﬂuence on the robot’s ability to overcome realistic
perturbations and display practical stability with respect to slippage, which has not
yet been studied.
This paper revisits the simplest two-dimensional models of passive dynamic walking — the rimless wheel and the compass biped, and studies the possible occurrence
of Painlevé’s paradox and dynamic jamming in classically stable periodic solutions.
It is shown that the two key parameters that inﬂuence the likelihood of occurrence
of Painlevé’s paradox under small slippage perturbation along a periodic solution are
large friction and small radius of gyration (i.e. most of the mass concentrated close
to body’s center). Using numerical simulation examples, it is shown that dynamic
jamming can occur in the rimless wheel model only under a perturbation of large
slippage along the periodic solution, and in the compass biped model only for initial
conditions that lie away from the periodic solution. The paper is organized as follows.
The next section gives a general formulation of the dynamics of a planar system with
a single frictional contact, states the conditions for occurrence of Painlevé’s paradox,
and gives the deﬁnition of dynamic jamming. Sections 3 and 4, analyze the dynamics
of the rimless wheel model and the compass biped model, respectively, under sticking
contact as well as possible slippage, and study the occurrence of Painlevé paradox
and dynamic jamming in these models. Finally, a concluding discussion is given in
the closing section.
2. Problem Formulation. This section gives a systematic formulation of the
dynamics of the rimless wheel and the compass biped models under possibility of
either slippage or sticking contact. For greater generality, we consider a model of a
planar biped robot that walk passively on a ﬂat surface. The formulation is general
enough to cover both the rimless wheel and the compass biped models, as well as
other planar models with point feet. The robot can be either a single rigid body or
a kinematic chain of rigid links, whose conﬁguration is described by the coordinates
q ∈ RN . A particular material point on the robot, which is called the stance foot,
is making contact with the ground. Another material point which is called swing
foot is currently detached from the ground and is supposed to establish contact at
the next step. When the swing foot hits the ground the stance foot is immediately
detached, and the feet switch roles for the next step. The dynamics is composed of
two phases — a continuous-time phase during which the swing foot moves forward,
3

and an instantaneous impact phase, caused by collision of the swing foot with the
ground.
2.1. Continuous-time dynamics. Let q ∈ RN denote the coordinates which
describe the position of each of the robot’s links. In addition, the coordinates q
also describe the position of the stance foot’s contact point. Denoting v(q, q̇) as the
velocity of the stance foot’s endpoint, let vt and vn be the components of v(q, q̇) in the
directions tangent and normal to the surface. These components can be formulated
as
vt = wt (q)T q̇ , vn = wn (q)T q̇.

(1)

When the foot makes a sticking contact with the ground, both vt and vn vanish, which
gives the constraint in matrix form as
T

W(q)q̇ = 0, where W(q) = [wt (q) wn (q)] .

(2)

In case where the foot is slipping vt ̸= 0, only the constraint on the normal velocity
wn (q)T q̇ = 0 holds.
The equations of motion of the robot can be formulated using the method of
constrained Lagrange’s equations (cf. [34]), as follows. Let T (q, q̇) be the total
kinetic energy of the robot, and let V(q) be the robot’s gravitational potential energy.
The equations of motion are then given by
M(q)q̈ + H(q, q̇) + G(q) = W(q)T f

(3)

where
((
[
(
)T )]
)T
(
)T
∂2T
∂T
∂T
∂V
∂
M(q) =
q̇ −
, and G(q) =
.
, H(q, q̇) =
∂q
∂ q̇
∂q
∂q
∂ q̇2
M(q) is called the matrix of inertia, H(q, q̇) is the vector of velocity-dependent terms
such as Coriolis and centripetal forces, and the vector G(q) is the gravitational forces.
On the right hand side of (3), the vector f = [ft fn ]T is the normal and tangential
components of the contact force acting at the stance foot. Note that W(q) in (2)
and (3) can be interpreted as the robot’s Jacobian with respect to the stance foot’s
position, and that f can be regarded as the vector of Lagrange multipliers which give
the magnitude of constraint forces, cf. [34]. When the foot is in sticking contact,
the robot’s motion is governed by (3) while the constraint (2) is satisﬁed. In order to
compute the contact force f , one has to diﬀerentiate the constraint (2) with respect to
time and then substitute the expression for the accelerations q̈ from (3), which gives
0 = Wq̈ + Ẇq̇ = WM−1 (−H − G + WT f ) + Ẇq̇,

(4)

where the dependence in q and q̇ is suppressed for brevity. From (4), the contact
force f is obtained as
(
)−1 (
)
f stick (q, q̇) = WM−1 WT
WM−1 (H + G) − Ẇq̇ .
(5)
Importantly, contact sticking can be maintained only if the friction between the foot
and the ground is suﬃciently large. Using Coulomb’s dry friction model, this implies
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that the tangential and normal components of the contact force f obtained in (5) must
satisfy the inequality given by
|ft | ≤ µfn ,

(6)

where µ ≥ 0 is the coeﬃcient of friction, which is assumed to be a given property of
the contacting surfaces. When inequality (6) is not satisﬁed, tangential slippage of
the contact point starts to evolve, i.e. vt ̸= 0. In that case, according to Coulomb’s
friction model, the tangential contact force ft opposes the direction of slippage, and
depends on the normal force fn as ft = −sgn(vt )µfn . (For simplicity, we do not
distinguish between static and kinetic friction throughout this work). This can also
be written in matrix form as
(
)
1
f = Γfn , where Γ =
.
(7)
−sgn(vt )µ
The contact force f under slippage cannot be computed as in (5), since the constraint
(2) is not satisﬁed. Instead, one has to diﬀerentiate the normal velocity constraint
wn (q)T q̇ = 0 with respect to time and substitute the expression for q̈ from (3) in
order to obtain
0 = wTn q̈ + ẇn q̇ = wTn M−1 (−H − G + WT Γfn ) + ẇn q̇.

(8)

From (8), the normal force fn can be obtained. Using (7), the contact force f is then
given by
(
)−1 (
)
f slip (q, q̇) = Γ wTn M−1 WT Γ
wTn M−1 (H + G) − ẇn q̇ .

(9)

Contact slippage is maintained as long as vt = wt (q)q̇ ̸= 0. When vt vanishes, a transition to sticking contact occurs if the contact force f in (5) satisﬁes (6). Otherwise,
slip reversal occurs and vt reverses its sign.
2.2. Impact law. We now formulate the impact interaction that occurs when
the swing foot collides with the ground. This part is given here for completeness of
the model, but is is not necessary for analysis of Painlevé’s paradox, which occurs
at the continuous-time phase. Thus, the glancing reader may skip to part 2.3 at
this point. The assumption of perfectly rigid bodies implies that a collision results
in an instantaneous change in the velocities which is caused by impulsive contact
forces. In this way, analysis of the very short time of complex contact interaction
that involves local deformations is circumvented. In almost all the works on dynamic
legged locomotion with point feet, it is assumed that the collision is governed by
impulsive force acting at the colliding foot only. Furthermore, a perfectly plastic
collision is assumed, which results in complete sticking of the colliding foot right after
the impact, i.e. no (normal) rebound and no (tangential) slippage. We adopt the same
simplifying assumptions in this work, with a natural extension to nonzero slippage in
case where the perfectly plastic contact impulse does not satisfy the friction bounds.
Let ṽ denote the velocity of the swing foot’s endpoint during motion, where its
tangential and normal components ṽt , ṽn depend on q and q̇ according to
(
) (
)
ṽt
w̃t (q)T
ṽ =
=
q̇ = W̃(q)q̇.
(10)
ṽn
w̃n (q)T
5

At the time t=tc , the swing foot hits the ground, and an impact occurs. An impulsive
contact force F̃ acts instantaneously at the collision point. (The impulse F̃ is the
time-integral
of the contact force f̃ during the short period of contact, i.e. F̃ =
∫
f̃ (t)dt ). It is assumed that the coordinates q remain unchanged during the collision
q(t = tc ) = qc , and that the velocities q̇ change instantaneously according to the
impulse-momentum balance given by
T

−1
−
∆q̇ = q̇(t+
c ) − q̇(tc ) = Mc W̃c F̃,

(11)

where the superscripts ’+’ and ’−’ denote the times right after and right before the
collision, and Mc and Wc are shorthand notations to M(q = qc ) and W(q = qc ),
respectively. (The relation (11) can be obtained from time-integration of equation
(3) during the short collision where W(q)T f is replaced with W̃(q)T f̃ , while the
contribution of H, G and f is assumed negligible compared to that of f̃ .)
Assuming a perfectly plastic collision, the impact results in sticking contact at
the colliding foot, i.e. ṽ(t+
c ) = 0. Using relations (10) and (11), one obtains
T

−
−1
W̃c q̇+
c = W̃c (q̇c + Mc W̃c F̃) = 0

(12)

−
+
−
where q̇+
c and q̇c are shorthand notations to q̇(t = tc ) and q̇(t = tc ), respectively.
From (12), the contact impulse F̃ can be obtained as
)
(
T −1
W̃c q̇−
(13)
F̃stick = − W̃c M−1
c .
c W̃c

Substituting (13) into (11) then gives a linear relation between the pre-impact and
post-impact velocities as
(
)
T
T −1
−
−1
−1
q̇+
=
I
−
M
W̃
(
W̃
M
W̃
)
W̃
q̇−
(14)
c
c
c
c
c
c
c
c = Pstick (qc )q̇c
where I is the N × N identity matrix. The impact law in (14) can be maintained
only if the tangential and normal components of the impulse, denoted by F̃t and F̃n ,
satisfy the frictional inequality
F̃t ≤ µF̃n .

(15)

If the inequality (15) is not satisﬁed, slippage must occur, so that ṽt (t+
c ) ̸= 0. In that
case, it is assumed that the tangential impulse attains its maximal allowed magnitude
F̃t = sµF̃n , where s = ±1 is determined by the sign of F̃t which is calculated in (13)
without considering the friction limitation. In order to compute the normal impulse
F̃n , one has to use the no-rebound requirement ṽn (t+
c ) = 0 in order to obtain
(
)
T
1
−
−1
T +
T
w̃n (qc ) q̇c = w̃n (qc ) (q̇c + Mc W̃c Γ̃F̃n ) = 0, where Γ̃ =
.
(16)
sµ
From (16), the contact impulse F̃n at slipping impact is given by
(
)−1
T
F̃slip = Γ̃F̃n = −Γ̃ w̃n (qc )T M−1
w̃n (qc )T q̇−
c .
c W̃c Γ̃

(17)

Substituting (17) into (11) then gives a linear relation between the pre-impact and
post-impact velocities as
)
(
(
)−1
T
T
−
+
−1
−1
T
T
q̇−
w̃n (qc )
q̇c = I − Mc W̃c Γ̃ w̃n (qc ) Mc W̃c Γ̃
c = Pslip (qc )q̇c .
(18)
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Note that the laws of sticking impact (14) and slipping impact (18) can be combined
into a single impact law as q̇+ = P(qc )q̇− , where P(qc ) is conditionally deﬁned as
Pstick (qc ) if the inequality (15) is satisﬁed, and as Pslip (qc ) otherwise. This impact
law is equivalent to Chatterjee’s algebraic impact law given in [5] under zero restitution
in both normal and tangential directions (i.e. e = et = 0 in the terminology of [5]).
More complicated impact laws can be found in [4, 42, 47]. Usually, the impact is also
followed by relabeling of the coordinates in order to account for the switch in the
roles of the feet. This is commonly done by applying linear transformations to the
positions and velocities q → S1 q and q̇ → S2 q̇ where S1 and S2 are constant N ×N
matrices.
Note that there exist other possible methods for mathematical formulation of
rigid-body dynamics with unilateral frictional contacts, such as complementarity [2,
26, 40] and convex analysis [24, 42] which account for all possible contact interactions
in a single equation. Other methods also consider measure-valued contact forces, and
thus account for ﬁnite forces and impacts in a uniﬁed framework [31, 46]. Those
methods are beyond the scope of this paper.
2.3. Painlevé’s paradox and dynamic jamming. Painlevé’s paradox is
based on the expression for the contact point normal acceleration, an = v̇n , along
solutions of (3). Since vn = wn (q)T q̇, the contact point normal acceleration is given
by an = wn (q)T q̈ + ẇTn q̇. Substituting the solution for q̈ from (3) in the expression
for an then gives
an = wTn (q)M−1 (q)( −H(q, q̇)−G(q)+fn (wn (q)−σµwt (q))) + ẇTn (q, q̇)q̇,

(19)

where σ = sgn(vt ). Collecting the terms of (19) in a compact form gives the key
expression ([14, 38]):
an = −A(q, q̇) + B(q, µ)fn

(20)

where
A(q, q̇) = wTn (q)M−1 (q) (H(q, q̇) + G(q)) − ẇTn (q, q̇)q̇
B(q, µ) = wTn (q)M−1 (q) (wn (q) − µσwt (q)) .

(21)

Note that B depends on q̇ via the sign variable σ = sgn(vt ). However, the slippage
direction and hence σ is constant during any particular time interval of slippage.
Consider the situation where the contact slips with nonzero tangential velocity
during a time interval t ∈ (−ϵ, 0). During this time interval an = 0 while fn > 0. If the
tangential velocity is non-vanishing at t = 0, the instantaneous solution of (20) at this
instant can be either continuation of slippage or contact separation. That is, an and
fn in (20) must satisfy the linear complementarity relation 0 ≤ an ⊥fn ≥ 0 (cf. [2, 40]).
In the case of slippage (20) becomes 0 = −A+Bfn . Since fn > 0 during slippage, this
dictates that sgn(A) = sgn(B) at t = 0. In the case of contact separation fn = 0 while
an > 0. In this case (20) becomes an = −A. Since an > 0 during contact separation,
this dictates that A < 0 at t = 0. The contact interactions can thus be classiﬁed
according to the sign of A and B at t = 0. The four possible cases are summarized in
Table 2.1. Case 1 where A > 0 and B > 0 corresponds to consistent slippage. Case
2 where A < 0 and B > 0 corresponds to consistent separation. Case 3 where A < 0
and B < 0 is indeterminate, as it corresponds to either slippage or separation1 . Case
1 Note that a resolution of this indeterminacy was recently proposed in [35] by using the limit of
a compliant contact model.
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case
1

sgn(A)
+

sgn(B)
+

solution
A
an = 0, fn = B
>0

physical meaning
consistent slippage

2

-

+

fn = 0, an = −A > 0

consistent separation

3

-

-

4

+

-

fn = 0, an = −A > 0
A
or an = 0, fn = B
>0
∅

indeterminacy
inconsistency

Table 2.1
Summary of the possible contact interactions during contact slippage.

4 where A > 0 and B < 0 cannot correspond to slippage since (20) gives fn < 0,
nor to contact separation since (20) gives an < 0. This case is therefore physically
inconsistent. Following the terminology in Génot and Brogliato [14], the region in
(q, q̇) space delineated by A(q, q̇) > 0 and B(q, µ) < 0 is called the inconsistency
region.
Dynamic jamming: When a solution approaches the boundary of the inconsistency region it exhibits a peculiar behavior called dynamic jamming, which is deﬁned
as follows.
Definition 1. Dynamic jamming is a scenario where a solution starts with
consistent slippage (case 1) and approaches the inconsistency region (case 4)) with
B(q, µ) → 0, where fn grows unbounded in finite time.
3. The rimless wheel. This section studies the occurrence of Painlevé’s paradox in the dynamics of the rimless wheel (RW) model. The rimless wheel is a star-like
body with n ≥ 4 evenly-spaced spokes (see Figure 3.1(a)), that rolls passively down
an inclined plane in a way that resembles bipedal walking. At each time a single
spoke is in contact with the ground and represents the stance foot, until the next
spoke, which represents the swing foot, hits the ground and makes contact while the
previous spoke is released.
We begin by formulating the equations of motion of the RW using the notation
introduced in Section 2. Let m and Ic denote the wheel’s mass and moment of inertia
with respect to its center-of-mass, and let l denote the spokes’ length. The gravity
acceleration is denoted by g, and the slope angle of the inclined plane is α. The chosen
coordinates are q = (x, y, θ), where x and y denote the position of the lower spoke’s
tip in the directions tangent and normal to the ground. Note that this position is
constrained, such that ẏ = 0 means that the wheel maintains contact with the ground,
while ẋ = 0 holds when contact point does not slip. The third coordinate θ is the
orientation angle of the lower spoke with respect to the normal direction (y-axis, see
Figure 3.1(a)). Thus, θ changes within the range [−π/n, π/n] between two consecutive
“steps”, and after an impact at θ = π/n it is reset back to −π/n for the next step.
Using the unconstrained coordinates q and velocities q̇, the kinetic and potential
energies of the wheel are given by
T (q, q̇) = 21 m(ẋ2 + ẏ 2 + 2ẋθ̇l cos θ + 2ẏ θ̇l sin θ) + 12 (Ic + ml2 )θ̇
V(q) = mg(y cos α − x sin α + l cos(α + θ)).

2

(22)

Using the procedure described in Section 2, the continuous-time equations of motion
can be derived in the form (3), and the impulse-momentum relation is of the form
8
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Fig. 3.1. (a) The rimless wheel (RW) model. (b) Trajectory of periodic solution of the RW in
θ, θ̇-plane under contact sticking.

(11) where the expressions in these two equations are given as




2
m
0
ml cos θ
−mlθ̇ sin θ

0
m
−ml sin θ
, B(q, q̇) =  −mlθ̇2 cos θ
ml cos θ −ml sin θ ml2 (1 + κ)
0


(
)
(
−mg sin α
1 0 0
1
 , W(q) =
mg cos α
G(q) = 
, W̃c =
0 1 0
0
−mgl sin(α + θ)

M(q) = 





0
 , Eu =  0 
0
0
1

0
−2l sin

)
π
n

(23)
The nondimensional inertia ratio κ=Ic /ml2 in (23) varies within the range [0, 1], where
κ=0 means that all the wheel’s mass is concentrated at its center, κ=1 means that all
the spokes’ masses are concentrated at their tips, and κ=1/3 corresponds to uniform
mass distribution along the spokes.
3.1. Review of RW dynamics under sticking contact. We now brieﬂy review known results on the hybrid dynamics of the RW model, which were derived
in [7, 28] under the assumption of fully sticking contact . Since the sticking constraint implies that ẋ=ẏ=0, the equations of continuous-time motion in (3) with the
expressions (23) reduce to the single equation for the angle θ:
ml2 (1 + κ)θ̈ − mgl sin(θ + α) = 0.

(24)

Equation (24) is simply an inverted pendulum equation with a characteristic time of
√
τc = mgl/(ml2 (1 + κ)).
(25)
In the following, time and velocity will be normalized by the characteristic time τc .
Note that equation (24) is integrable due to conservation of total mechanical energy
T + V, a fact which is exploited in [7, 28] in order to obtain explicit solutions. Impact
occurs at θ = π/n. Assuming contact sticking, the impact induces a discontinuous
jump of the angular velocity θ̇ which can be obtained by (14) as
+

−

θ̇ = β θ̇ , where β =

cos(2π/n) + κ
.
1+κ

(26)

After the impact, the coordinate θ is shifted back from π/n to −π/n, since the colliding
spoke now becomes the new stance foot. In [7, 28], the integrability of (24) is exploited
in order to ﬁnd a periodic solution of the RW system, whose post-impact initial
condition is given by
√
∗
sin α sin(π/n)
π
+
+
.
(27)
θ(tc ) = − , θ̇(tc ) = θ̇ = 2β
n
1 − β2
9

Moreover, it is shown in [7] that this periodic solution is orbitally stable under small
perturbations. This is done by analyzing the linearization of the one-dimensional
Poincaré map of this system, which is given explicitly in [7]. As an example, Figure
3.1(b) plots the trajectory of the periodic solution in θ, θ̇-plane for parameter values
of n=10, κ=1/3 and α=13◦ , where the velocity θ̇ is normalized by the characteristic
time τc . The vertical line segment corresponds to the jump in θ̇ due to impact, while
the horizontal line segment corresponds to re-initialization of θ from π/n back to
−π/n.
In order for the assumption of contact sticking to hold during the entire periodic
solution, the contact force f must satisfy Coulomb’s friction constraints (6). Using
the expressions (23) and energy conservation of (24), it is shown in [11] that the ratio
of tangential-to-normal components of the contact force along the periodic solution
of the RW model as a function of θ is given by
(
)
∗ 2
3
cos(α
+
θ)
−
(
θ̇
)
−
2
cos(α
−
π/n)
sin θ − κ sin α
ft (θ)
)
R(θ) =
=(
,
(28)
∗
fn (θ)
3 cos(α + θ) − (θ̇ )2 − 2 cos(α − π/n) cos θ + κ cos α
∗

where θ̇ is given in (27). Thus, the minimal value of friction coeﬃcient required to
maintain contact sticking is given by
{
[ π π ]}
.
(29)
µ ≥ µstick = max |R(θ)| : θ ∈ − ,
n n

3.2. Painlevé’s paradox in the RW model. We now analyze the occurrence
of Painlevé’s paradox in the dynamics of the rimless wheel model under contact slippage. This is also relevant in the case of a periodic motion of the RW under contact
sticking (i.e. ẋ=0), which, at some time t0 , is given a kinematic perturbation that
enforces slippage ẋ(t0 ) ̸= 0. First, we formulate the dynamics of the RW model under contact slippage. The constraint ẋ=0 no longer holds, and the contact force is
determined by (7) and (9). Substituting the expressions in (23) into the equation of
motion (3) and the expressions for the contact force in (9), one obtains the equations
of motion as
(
)
sgn (ẋ) µ cos θ · fn + m sin θ g cos α − l cos θ · θ̇2
(
)
θ̈ =
ml sin2 θ + κ
ẍ =

lm sin θ (1 + κ) θ̇2 − sgn (ẋ) µfn (1 + κ) + gm (κ sin α − cos(α + θ) sin θ)
(
)
.
m sin2 θ + κ

(30)
The normal force fn satisﬁes equation (20), where the expressions for A and B are
given by
2

A(θ, θ̇) = g cos α − lθ̇ cos θ
B(θ, µ) =

)
1 (
κ + sin2 θ+σµ sin θ cos θ .
m

(31)

For a given slippage direction σ=sgn(ẋ), the signs of A and B in (31) depend on θ
and θ̇ only, and this, in turn, determines the consistency of slippage according to table
10

2.1. Painlevé paradox occurs in cases where B < 0. Rearranging the expression for
B in (31), one obtains
B(θ, µ) =

)
√
1 (
1 + 2κ − 1 + µ2 cos(2θ + σγ) ,
2m

(32)

where γ= tan−1 (µ) and σ= ± 1. The expression for B in (32) can be negative only if
the friction coeﬃcient µ is suﬃciently large and satisﬁes
√
µ > µmin = 2 κ + κ2 .
(33)
Physically, (33) implies that for a given value of µ, the mass of the wheel must be
concentrated suﬃciently close to its center (lower κ) in order for Painlevé’s paradox to
occur. For the case where the rimless wheel consists of thin spokes with uniform mass
distribution (κ = 1/3), one obtains µmin = 4/3, which is the same value obtained in
[14] for the uniform rod. In case where (33) is satisﬁed, Painlevé paradox is associated
with orientation angles within the range θ ∈ (θ1 , θ2 ), where θ1 and θ2 are given by
(
(
))
1
1 + 2κ
θ1,2 = −
σγ ∓ arccos √
.
(34)
2
1 + µ2
The cases in table 2.1 now deﬁne regions in (θ, θ̇) plane according to the signs
of A(θ, θ̇) and B(θ, µ). Figure 3.2(a) plots these regions in (θ, θ̇) plane for parameter
values of κ=0.02, α=10◦ , n=10, µ = 0.35 and σ= + 1, where region Ri corresponds to
case i in the table for i=1, 2, 3, 4. For these parameter values, the friction coeﬃcient µ
is above the minimal value required for occurrence of Painlevé paradox according to
(33), which is µmin = 0.286. The orientation angles for which B(θ, µ) < 0 according to
(34) are given by θ ∈ (−0.2644, −0, 0723) rad. On the other hand, the minimal value
of µ which is required for existence of a periodic solution of the RW under contact
sticking is given by (29) as µstick = 0.32. Since the chosen value of µ is larger than
this lower bound, a periodic solution of the RW under contact sticking exists, and its
trajectory in (θ, θ̇) plane is overlayed on the regions Ri in Figure 3.2(a). It can be seen
that a portion of the periodic solution trajectory under contact sticking intersects the
inconsistency region R4 under forward slippage (σ= + 1). Within this portion of the
periodic solution, any small perturbation which involves forward slippage ẋ > 0 will
result in onset of Painlevé’s paradox, where no ﬁnite-force solution is consistent.
3.3. Dynamic jamming in the RW model. We now demonstrate that the
scenario of dynamic jamming can also occur in the RW model, under perturbation of
slippage. Dynamic jamming is associated with a solution under initial conditions of
consistent slippage, that tends towards the inconsistency region. The conditions for
dynamic jamming are thoroughly studied in [14] for the uniform rod, and in [38] for the
IPOS mechanism (Figure 1.1(b)). The continuous-time dynamics of the rimless wheel
model in (24) is equivalent to a degenerate case of the IPOS model, with m1 → 0.
Thus, the analysis of dynamic jamming in [38] also applies to the RW model, as brieﬂy
summarized below.
Dynamic jamming solutions should start at the region R1 of consistent slippage
and evolve towards the inconsistency region R4 . The arrows in Figure 3.2(a) show
(qualitatively) the direction of the tangent vector (θ̇, θ̈) of solutions in the region R1 .
Similar to [38], the directions of these arrows indicate that the only way in which
a forward slippage solution can reach the region R4 is from its left side, i.e. with
11
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Fig. 3.2. (a) Regions Ri of feasibility of cases 1-4 from table 2.1 in (θ, θ̇) plane. The arrows
within R1 show the direction of tangent vector (θ̇, θ̈) under slippage. The closed trajectory is the noslip periodic solution of the RW under contact sticking. The dashed curve is a solution of dynamic
jamming under forward slippage. (b) The normal contact force fn as a function of θ in the dynamic
jamming solution.

θ(0) < θ1 . Moreover, it is proven in [14, 38] that such a solution can reach the line
B = 0 only by converging to the intersection point p1 at which both A(θ, θ̇) and
B(θ, µ) vanish simultaneously. Dynamic jamming is thus obtained when A and B
decay to zero in ﬁnite time, but fn = A/B grows unbounded, that is, B decays to
zero faster than A. It is also shown in [38] that in order to obtain dynamic jamming,
the friction coeﬃcient must be suﬃciently large as to satisfy µ ≥ µc = √23 µmin . In
cases where µmin < µ < µc , the solution crosses the curve A=0 before reaching the
line B=0, resulting in fn =0 and contact separation. Additionally, it is shown in [38]
that the initial slippage velocity ẋ(0) must be suﬃciently large in order to ensure that
p1 is reached before a transition back to contact sticking occurs when the velocity
ẋ(t) vanishes. As a simulation example, we consider the RW model with the same
parameter values of κ=0.02, α=10◦ , n=10, µ = 0.35, and l = 1. The RW is given
initial conditions of θ(0) = −0.3rad and θ̇(0) = 0.643rad/τc which lie on the periodic
solution, but there is an initial slippage velocity of ẋ(0) = 0.5l/τc . The resulting
trajectory in (θ, θ̇) plane is plotted as the dashed curve in Figure 3.2(a). It can be
seen that the trajectory converges to the critical point p1 at which A=B=0. Figure
3.2(b) plots the normal force fn as a function of the angle θ. It can be seen that
fn = A/B grows unbounded as θ → θ1 . Note that dynamic jamming cannot occur
when the initial slippage velocity ẋ(0) is arbitrarily small. For the chosen parameter
values, dynamic jamming can occur only for ẋ(0) > 0.405. For lower values of ẋ(0),
the solution will switch back to contact sticking (ẋ = 0) before reaching the critical
point p1 .
4. The compass biped. This section studies the occurrence of Painlevé’s paradox and dynamic jamming in the passive dynamics of the compass biped (CB) model.
The compass biped is a robotic model which consists of two rigid links (”legs”) of
length 2l, connected by a passive rotary joint (”hip”), see Figure 4.1(a). Each leg has
mass m, its center-of-mass lies at the link’s center, and the moment of inertia is Ic .
Another point mass mh is located at the hip joint. The robot walks passively on an
inclined plane with slope angle α. The angle of the stance leg is θ1 (t) and the angle
of the swing leg is θ2 (t), both measured with respect to the contact normal (y axis),
see Figure 4.1(a). The robot’s coordinates are chosen as q = (θ1 , θ2 , x, y)T , where x, y
12
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Fig. 4.1. (a) The compass biped model; Trajectories of a periodic solution under contact sticking
in (b) (θi , θ̇i )-plane, and (c) (θ1 , θ 2 )-plane; (d) The force ratio R(t) = ft (t)/fn (t) along the periodic
solution.

denote the (constrained) position of the stance foot. Using the formulation procedure
described in Section 2, the equations of motion of the robot and impulse-momentum
balance can be formulated as in (3) and (11), where the explicit expressions in q, q̇
are given by

Ic + (5m+4mh )l2

2ml2 C12
M(q) = 
 [3m+2mh ] lC1
−[3m+2mh ] lS1

2ml2 C12
Ic +ml2
mlC2
mlS2

[3m+2mh ] lC1
mlC2
2m+mh
0


−[3m+2mh ] lS1

mlS2


0
2m+mh




−2ml2 S12 θ̇22
[
]
2
2


−2ml S12 θ̇1
0 0 1 0


W(q) =
H(q, q̇) = 
0 0 0 1
−(3m+2mh ) lS1 θ̇12 −mlS2 θ̇22 
2
2
−(3m+2mh ) lC1 θ̇1 +mlC2 θ̇2


−(3m+2mh ) l sin(θ1 +α)
[
]


−ml sin (α−θ2 )
 W̃(q) = 2lC1 2lC2 1 0
G(q) = g 


−(2m+mh ) sin α
−2lS1 2lS2 0 1
(2m+mh ) cos α

(35)
 
0
0

Eu =  
0
0

where S1 = sin θ1 , S2 = sin θ2 , S12 = sin(θ1 +θ2 ), C12 = cos(θ1 +θ2 ).

The swing foot hits the ground when θ1 =θ2 . The impact is then followed by swapping
the roles of the swing and stance feet, so that the coordinates of θ1 and θ2 and their
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velocities are reversed θi → −θi , θ̇i → −θ̇i .
4.1. Passive dynamics of the CB model under sticking contact. Assuming sticking contact, stable periodic solutions (i.e. gaits) for the passive compass
biped have been demonstrated in [28] and extensively studied in [16]. We now show a
numerical simulation of a stable periodic solution under sticking contact. The chosen
parameter values are l=0.8m, m=4Kg, mh =2Kg, g=9.8m/s2 , α=1◦ and Ic =0, (i.e.
point masses). The initial conditions of the periodic solution were numerically found
∗
∗
as θ∗1 = −0.148, θ̇1 = 0.733 and θ̇2 = −0.501. Figure 4.1(b) plots the trajectories in
(θi , θ̇i )-plane, where the straight line segments represent the velocity jump at impact
and the coordinate relabeling θi → −θi , θ̇i → −θ̇i . Figure 4.1(c) plots the same periodic trajectory in (θ1 , θ2 ) plane. Importantly, the region {(θ1 , θ2 ) : |θ2 | < |θ1 |} represents infeasible conﬁgurations where the swing foot penetrates the ground (shaded
regions). However, the resulting periodic solution in Figure 4.1(c) has a portion that
passes through this infeasible region. (Only trajectories that pass through the origin θ1 =θ2 =0 can avoid ground penetration). This intermediate penetration, which is
called “scuﬃng”, is ignored in our analysis, following the approach of [28] and [16].
Nevertheless, any physical realization of passive bipedal walking must provide a practical solution of foot clearance in order to overcome this foot penetration, as discussed
in [28].
Next, we use (5) in order to compute the ratio of tangential-to-normal contact
forces at the stance foot. The ratio R(t) = ft (t)/fn (t) along the periodic solution is
shown in Figure 4.1(d). The plot indicates that the minimal value of friction coeﬃcient
required to enforce contact sticking is µstick = 0.175, which is pretty low for common
materials in contact. Moreover, the ratio R̃ of the tangential-to-normal impulse at
the impact is marked as ’×’ at the right end of the plot, and its value is given by
|R̃|=0.145 < µstick . This indicates that as long as µ ≥ µstick , the contact maintains
sticking at the impact as well.
4.2. Painlevé’s paradox and dynamic jamming in the CB model. We
now study the possible occurrence of Painlevé’s paradox and dynamic jamming in
the compass biped model under initial slippage. For this model, one cannot easily
depict regions Ri of the diﬀerent possible cases in table 2.1 as in Figure 3.2(a), since
the relevant coordinate-velocity space (θ1 , θ2 , θ̇1 , θ̇2 ) is four-dimensional. The explicit
expressions of A(q, q̇) and B(q, µ) are highly complicated, and are given in the Appendix. For a given value of µ and a choice of slippage direction σ, B depends on
the angles (θ1 , θ2 ) only. Figure 4.2(a) shows the region of B < 0 in (θ1 , θ2 ) plane
for µ=0.7, σ= + 1, while the other parameter values are unchanged. The periodic
trajectory under sticking contact is overlayed on the plot, indicating that its initial
portion lies within the region of B < 0 associated with Painlevé’s paradox. It can
also be veriﬁed numerically that A(q, q̇) > 0 hold along the entire periodic solution.
Therefore, any small initial perturbation of forward slippage in the ﬁrst part of the
periodic solution will lead to case 4 of Painlevé’s paradox and solution inconsistency.
Figure 4.2(e) demonstrates the dependence of the region B < 0 on the friction coeﬃcient µ. As µ is decreased, this region shrinks monotonically until it vanishes at the
critical value µmin ≈ 0.5533. Formulating an explicit expression for µmin as a function
of the model parameters is an open problem, which appears to be very challenging
due to the complexity of the expressions of A and B. Figure 4.2(f)√demonstrates the
dependence of the region B < 0 on the leg’s radius of gyration ρ= Ic /m for µ=0.8.
As ρ is increased, this region shrinks monotonically until it vanishes at the value of
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Fig. 4.2. (a) The region B < 0 and the no-slip periodic trajectory in (θ1 , θ 2 ) plane. (b) Two
trajectories S1,S2 of forward slippage that evolve towards the region B < 0 in (θ1 , θ 2 ) plane. The
arrows indicate directions of the acceleration vector (θ̈1 , θ̈2 ). (c) The normal contact force fn (t)
along the two trajectories S1,S2. (d) Conﬁgurations of the compass biped at the endpoints of the
two trajectories S1,S2. (e) The region B < 0 for diﬀerent values of µ. (f ) The region B < 0 for
diﬀerent values of ρ.

ρ ≈ 0.4617.
Next, we demonstrate the occurrence of dynamic jamming in the compass biped
model. We were not able to ﬁnd examples of initial conditions on the no-slip periodic trajectory which are given a perturbation of forward slippage only and result
in convergence to the inconsistency region. This is because the acceleration vector
(θ̈1 , θ̈2 ) under forward slippage, evaluated on points of the periodic trajectory, always
points away from the region B < 0. Arrows of the direction of the acceleration vector
(θ̈1 , θ̈2 ) at some points in (θ1 , θ2 ) plane for θ̇1 =θ̇2 =0 are shown in Figure 4.2(b). It
can be seen that only initial conditions on the left side of the inconsistency region
are pointing towards it. Thus, these points are suitable candidates of initial conditions that lead to dynamic jamming. As a particular example, the curve marked
as S1 in Figure 4.2(b) shows a trajectory of forward slippage under initial angles
θ1 (0)= − 0.2953, θ2 (0)= − 0.5247, while the curve marked as S2 corresponds to initial
angles θ1 (0)= − 0.5461, θ2 (0)=0.6860. The other initial conditions for both S1 and
S2 are θ̇1 (0)=θ̇2 (0)=0 and ẋ(0)=10. While both solution trajectories evolve towards
the region B < 0, solution S1 reaches A=0 ﬁrst, and thus terminates by contact separation with fn =0. On the other hand, solution S2 reaches B=0 ﬁrst so that fn grows
15

unbounded. This is precisely the dynamic jamming scenario. Plots of the contact
force fn (t) along both solutions are shown in Figure 4.2(c). This demonstrates that
some initial conditions may lead to dynamic jamming while others result in contact
separation. The terminal conﬁgurations of the compass biped’s angles θ1 and θ2 in
both solutions are shown in Figure 4.2(f).
5. Conclusion. The paper studied the possible occurrence of Painlevé’s paradox
and dynamic jamming in passive dynamic walking of the rimless wheel and compass
biped models. It has been shown that if the periodic solutions under sticking contact
are perturbed by a small amount of foot slippage then the solution may suﬀer from
Painlevé paradox, where the only possible solution is tangential impact. Additionally,
in the rimless wheel model a ﬁnite-size perturbation of slippage close to the no-slip
periodic solution may lead to dynamic jamming where the solution approaches an
inconsistent conﬁguration and the contact force grows unbounded. In the compass
biped model, dynamic jamming was obtained only for initial conditions of ﬁnite slippage that lie far from the periodic solution. Two key parameters were identiﬁed that
critically inﬂuence the likelihood of occurrence of Painlevé’s paradox and dynamic
jamming: large coeﬃcient of friction and small radius of gyration, i.e. most of the
mass is concentrated close to body’s center. The results indicate that the phenomena of Painlevé’s paradox and dynamic jamming are of crucial importance for robotic
legged locomotion, and that initial perturbations that involve foot slippage may cause
undesired and unpredictable outcomes.
Next, limitations of the results in this paper are brieﬂy discussed, and possible
directions of future research are proposed. First, the results clearly indicate that
there is a need for a new deﬁnition of orbital stability in mechanical systems with
unilateral contacts, that accounts for position-and-velocity perturbations that involve
all possible contact interactions. That is, stability (stabilization) of a periodic no-slip
solution of a passive (actuated) dynamically walking robot should be assessed also
with respect to perturbations that involve contact separation or slippage. Some attempts to deﬁne and analyze this type of stability for frictional equilibrium postures
or equilibrium sets were conducted in [24, 37, 50]. Nevertheless, a complete characterization and generalization of this notion to orbital stability of periodic solutions is
currently an open problem. Second, the paper only shows in theory that Painlevé’s
paradox and dynamic jamming are relevant to legged robotic systems. Experimental
demonstration these phenomena in practical situations has not yet been done, and
remains as a challenging future task, which might prove to be very diﬃcult, if not
impossible.
As for further generalizations of the theoretical study of Painlevé’s paradox and
dynamic jamming, it is proposed to extend the analysis to the case of curved contact
surfaces, rather than (vertex-edge) point contacts [14, 27, 39] or (edge-edge) ﬂat contacts [38]. Inspired by preliminary analysis proposed in [13], incomplete investigation
by the author (unpublished) indicates that adding contact curvature has a strong inﬂuence on the likelihood of occurrence of Painlevé’s paradox even for practical values
of friction and mass distribution. Additionally, the analysis of conditions for dynamic
jamming based on the behavior of solutions in the vicinity of the critical points pi at
which A=B=0 was limited to the rod [14] and IPOS [38] models, where the dynamics
evolve in the two-dimensional state space of a single coordinate, namely (θ, θ̇). Even
the simple case of the compass biped where the dynamics evolve in the state space of
(θ1 , θ2 , θ̇1 , θ̇2 ) was only investigated numerically in this work. Generalization of the
results in [14, 38] to an n degrees-of-freedom (DOF) system (yet with a single contact)
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should be complicated, since the critical point deﬁned by A=B=0 now becomes a hypersurface of dimension 2n − 2 (e.g. dimension 2 in the compass biped model) which
can be reached only at some regions depending on the direction of acceleration q̈, as
hinted in the numerical analysis of Section 4. In fact, even generalizing the explicit
expressions analogous to µmin and µc (minimal value of µ required for occurrence
of Painlevé’s paradox and dynamic jamming, respectively) to the case of n DOF is
currently an open problem. Finally, Painlevé’s paradox can also occur in systems
with multiple frictional contacts, as shown in preliminary analysis in [36] of a single
rigid body with two slipping contacts. A complete theory of Painlevé’s paradox for
the general case of n DOF and k contacts has not yet been explored.
Appendix - Expressions of A and B for the compass biped model. The
expressions for A(q, q̇) and B(q, µ) from Eq. (21) for the compass biped under forward
slippage σ= + 1 are given by
A(q, q̇) =

NA (θ1 , θ2 , θ̇1 , θ̇2 )
NB (θ1 , θ2 , µ)
and B(q, µ) =
, where
2∆(θ1 , θ2 )
∆(θ1 , θ2 )

NA (θ1 , θ2 , θ̇1 , θ̇2 ) = −2l(8Ic2 m2h C1 +24Ic2 m2 C1 +28Ic2 mmh C1 +8l4 m2 m2h C1
+52l2 m2 Ic mh C1 +46l2 m3 Ic C1 +16l2 mIc m2h C1 +14l4 m4 C1 −12l2 m2 Ic mh cos(θ1 +2θ2 )
−18l4 m3 mh cos(θ1 +2θ2 )−22l2 m3 Ic cos(θ1 +2θ2 )+6l4 m3 mh cos(3θ1 +2θ2 )
2

−29l4 m4 cos(θ1 +2θ2 )+15l4 m4 cos(3θ1 +2θ2 )+24l4 m3 mh C1 )θ̇1
+2lm(−3m3 l4 cos(2θ1 +3θ2 )−14m3 l4 C2 +17m3 l4 cos(2θ1 +θ2 )−22m2 l2 Ic C2
−18m2 l4 mh C2 +30m2 l2 Ic cos(2θ1 +θ2 )+22m2 l4 mh cos(2θ1 +θ2 )−6ml4 m2h C2 +8mIc2 C2
−20ml2 Ic mh C2 +6ml4 m2h cos(2θ1 +θ2 )+28ml2 Ic mh cos(2θ1 +θ2 )−6l2 m2h Ic C2
2

+4Ic2 mh C2 +6l2 m2h Ic cos(2θ1 +θ2 ))θ̇2 +(8m3 l4 mh Cα +8ml2 Ic m2h Cα +4m2 l4 m2h Cα
+16Ic2 mmh Cα +16Ic Cα l2 m3 +2Cα l4 m4 +16Ic2 Cα m2 +4Ic2 m2h Cα
+24m2 l2 Ic mh Cα −l4 m4 cos(−2θ1 −2θ2 +α)−l4 m4 cos(2θ1 +2θ2 +α))g
NB (θ1 , θ2 , µ) = −l4 (−7+2 cos(2θ2 )−cos(2θ1 +2θ2 )+6 cos(2θ1 )+2 sin(2θ2 )µ
−6 sin(2θ1 )µ)m3 +(−l4 (−7+5 cos(2θ1 )−5 sin(2θ1 )µ)mh −l2 Ic (−9 sin(2θ1 )µ+sin(2θ2 )µ
+cos(2θ2 )−14+9 cos(2θ1 )))m2 +(−l4 (cos(2θ1 )−sin(2θ1 )µ−1)m2h −2l2 Ic (−3 sin(2θ1 )µ
−5+3 cos(2θ1 ))mh +4Ic2 )m−l2 Ic (cos(2θ1 )−sin(2θ1 )µ−1)m2h +2Ic2 mh
∆(θ1 , θ2 ) = −l4 (−1+cos(2θ1 +2θ2 ))m4 +(8l2 Ic +4l4 mh )m3
+(12l2 Ic mh +8Ic2 +2m2h l4 )m2 +(4m2h l2 Ic +8Ic2 mh )m+2Ic2 m2h
C1 = cos(θ1 ), C2 = cos(θ2 ), Cα = cos(α).
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[20] Y. Hurmuzlu, F. Génot, and B. Brogliato, Modeling, stability and control of biped robots—
a general framework, Automatica, 40 (2004), pp. 1647–1664.
[21] P. R. Kraus, V. Kumar, and P. Dupont, Analysis of frictional contact models for dynamic
simulation, in IEEE Int. Conf. on Robotics and Automation, 1998, pp. 2822–2827.
[22] A. D. Kuo, Stabilization of lateral motion in passive dynamic walking, International Journal
of Robotics Research, 18 (1999), pp. 917–930.
[23] R. I. Leine, B. Brogliato, and H. Nijmeijer, Periodic motion and bifurcations induced by
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of Painlevé’s problem, Archive for Rational Mechanics and Analysis, 145 (1998), pp. 215–
260.
D. E. Stewart and J. C. Trinkle, An implicit time-stepping scheme for rigid body dynamics
with inelastic collisions and Coulomb friction, Int. J. of Numerical Methods in Engineering,
39 (1996), pp. 2673–2691.
W. J. Stronge, Impact Mechanics, Cambridge University Press, Cambridge, UK, 1979.
A. Tavakoli and Y. Hurmuzlu, Robotic locomotion of three generations of a family tree of
dynamical systems, part I: Passive gait patterns, Nonlinear Dynamics, 73 (2013), pp. 1969–
1989.
R. Tedrake, T. W. Zhang, M. Fong, and H. S. Seung, Actuating a simple 3D passive
dynamic walker, in Proceedings of IEEE International Conference on Robotics and Automation, 2003, pp. 4656–4661.
P. L. Varkonyi, D. Gontier, and J. W. Burdick, On the Lyapunov stability of quasistatic
planar biped robots, in Proceedings of IEEE International Conference on Robotics and
Automation, 2012, pp. 63–70.
J. A. Vazquez and M. Velasco-Villa, Numerical analysis of the sliding eﬀects of a 5-dof
biped robot, in 8th International Conference on Electrical Engineering Computing Science
and Automatic Control, 2011, pp. 1–6.
Y. Wang and M. T. Mason, Two-dimensional rigid body collisions with friction, J. of Applied
Mechanics, 10 (1993), pp. 292–352.
E. R. Westervelt, J. W. Grizzle, C. Chevallereau, J. H. Choi, and B. Morris, Feedback
19

Control of Dynamic Bipedal Robot Locomotion, CRC Press, 2007.
[54] M. Wisse, Three additions to passive dynamic walking: Actuation, an upper body, and 3D
stability, International Journal of Humanoid Robotics, 2 (2005), pp. 459–478.
[55] Z. Zhao, C. Liu, W. Ma, and B. Chen, Experimental investigation of the Painlevé paradox
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