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Abstract. This paper studies the hybrid dynamics of bipedal robot walking under stick-slip
transitions. We focus on two simple planar models with point feet: the rimless wheel and the compass
biped. Unlike most of existing works in the literature that assume sticking contact between the foot
and the ground, we explore the case of insuﬃcient friction which may induce foot slippage. Numerical
simulations of passive dynamic walking reveal the onset of stable periodic solutions involving stick-slip
transitions. In the case of the compass biped with controlled joint torques actuation, we demonstrate
how one can exploit kinematic trajectories of passive walking in order to induce and stabilize gaits
with slipping impact.

1. Introduction. Legged locomotion is ubiquitous in living creatures across a
wide range of scales, from tiny insects through lizards and rodents up to humans
and large mammals [20]. Inspired by this natural mode of locomotion, many legged
robots have been developed, such as humanoids [36, 40], quadrupedal robots [42, 51],
hexapedal robots [7, 65], and even hybrid wheeled/tracked/legged vehicles [70]. Such
mobile robots are intended to be used mainly for negotiating unstructured terrains
or indoor environments where traditional wheeled and tracked vehicles have limited
maneuverability or accessibility. Potential applications of autonomous legged robots
vary from military and security [62] through search and rescue [42] to education and
entertainment [2, 77], rehabilitation assistance [1, 21], and even planetary exploration
[44, 84]. Unlike quasistatic locomotion, in which the robot moves slowly through a
sequence of equilibrium postures [63, 56], in dynamic legged locomotion (DLL) the
robot constantly undergoes unsteady motion of falling, followed by placement of a
free foot on the ground and transfer of the support, typically in a cyclic pattern called
gait.
Theoretical investigation of DLL has been subject to extensive research eﬀorts
in the ﬁelds of theoretical mechanics, biomechanics, robotics, and nonlinear control,
cf. [31, 38, 82]. Some of these works are inspired by biological locomotion of insects
and large animals [24, 37], e.g. the well-known RHex robot [65], for which the legs’
elasticity plays a major role. On the other hand, for legged robots with rigid links,
foot-ground contact is established via impact events which involve discontinuous momentum changes, giving rise to a hybrid dynamical system with nonsmooth behavior
[5, 10, 28]. One of the most classical and simple models of DLL is McGeer’s passive bipedal walker [48] which is a two-link robot that walks stably down a shallow
slope, powered solely by gravity. The passive dynamics of this two-link model, named
compass biped, is further analyzed by Goswami in [29]. In his work [48], McGeer
also introduces and analyzes an even simpler and low-dimensional model - the rimless
spoked wheel, which is further analyzed by Coleman and Ruina [15, 14].
A central theme in the analysis of DLL is orbital stability of hybrid periodic solutions, which can be assessed via linearization of the Poincaré map [34]. Stability
can be achieved either passively as in [15, 14, 29, 48], or by using active feedback
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control of the motor torques at the robot’s joints according to sensory information
[35, 38, 82]. Feedback control of DLL has been a highly active ﬁeld of research in the
last decade. Focusing on bipedal robots, sophisticated nonlinear techniques have been
recently employed, with emphasis on advanced geometric notions such as controlled
symmetries [73], Routhian reduction [30], hybrid zero dynamics [83], transverse linearization [23] and virtual holonomic constraints [18]. Another important concept in
controlled legged locomotion is energetic eﬃciency [46, 69]. Many works attempt to
minimize the specific cost of walking – the mechanical work expended (on average)
by the controlled actuators per forward distance [26, 45, 64]. Development of control
laws which are based on gaits of passive dynamics has been proven to be a successful
approach for ﬁnding energy-eﬃcient gaits [16, 74]. These gaits exploit the robot’s
passive dynamics and thus require only a small amount of actuation power.
A key limitation of almost all theoretical models which are used for investigation
of legged locomotion as mentioned above is that they assume that the foot-ground
contact is a stationary pivot point, and that no foot slippage occurs throughout the
motion and during impacts. This assumption is not always physically realistic, since
it requires that friction at the foot-ground contact is suﬃciently large in order to
enforce sticking. Moreover, perturbations caused by external forces, vibrations, or
local changes in the surface properties can impose foot slippage even for large friction.
In biological legged locomotion, it has already been observed that slippage has a
prominent inﬂuence across all macroscopic scales. At the length scale of millimeters,
weaver ants have evolved several adhesive mechanisms in order to overcome slippage
on the lubricated surface of pitcher plants [9]. Stick insects confronted with a slippery
surface modulate their motor outputs to produce normal walking gaits, despite a
drastic change in the loads that these limbs experience [32, 33]. In the centimeter
scale, the elephant shrew is remarkable in constructing known escape routes in loose,
slippery dirt [71]. Clark et al [13] studied slippage in running Guinea fowl, showing
that falling on slippery surfaces is a strong function of both speed and limb posture
at touchdown. In the scale of meters, the largest body of work on slipping is on
human biomechanics. The conditions that cause slipping [50], its consequences [49]
and dynamics [75] have been studied, with important applications in preventative care
for the elderly, shoe design, safety, and more.
In the legged robotics literature, few works incorporate friction considerations in
designing gaits that avoid slippage [11, 39], and some works studied detection and
estimation of slippage from sensory data [41, 80].
In physics and computer-graphics simulators of multibody systems and biomechanical models such as Bullet Physics and OpenSim [68, 19], unilateral contact is
often modeled as an array of discrete nodes with nonlinear springs and dampers. This
model typically results in a complex high-dimensional system of diﬀerential equations
whose solution is commonly very stiﬀ due to combination of small deformations at
the contact nodes and large motions of links far from contact. Moreover, physical values such as spring constants and nonlinear friction forces are often chosen arbitrarily
without any justiﬁcation from a mechanical model or experiment. On the other hand,
Coulomb’s law of dry friction [17, 60] provides a well-established simple contact model
for low-dimensional systems of multibody dynamics. Despite the evident importance
of foot slippage, theoretical study of legged locomotion dynamics under possible stickslip transitions using Coulomb’s friction model has rarely been considered, except for
the works [6, 78, 79, 85].
The goal of this paper is to bridge this gap by studying simple models of bipedal
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dynamic walking that involve stick-slip transitions at the feet under Coulomb’s dry
friction model and analyzing the eﬀect of foot slippage on the behavior and performance of dynamic walking, both passive and actuated. The paper studies the models
of rimless spoked wheel and compass biped under passive dynamics on a slope, and also
the controlled torque-actuated compass biped on a horizontal plane. It is found that
when the friction is not suﬃcient to maintain contact sticking, the solution evolves
towards periodic cycles (gaits) that involve foot slippage and stick-slip transitions,
which maintain orbital stability with a slowr rate of convergence. In the case of a
torque-actuated compass biped model, it is shown that gaits which involve slipping
impacts have improved energetic eﬃciency compared to contact-sticking gaits. Such
gaits which are open-loop unstable can be easily stabilized via simple feedback control. It is concluded that foot slippage eﬀects can have a substantial inﬂuence on both
passive and actuated dynamic walking.
The structure of the paper is as follows. The next section gives a general formulation of the equations of motion. Section 3 studies the rimless spoked wheel,
Section 4 studies the passive compass biped on a slope, and Section 5 studies the
torque-actuated compass biped on a horizontal plane. Finally, Section 6 concludes
and discusses some possible directions of future extension. A concluding discussion is
given in the closing section. Finally, two appendices give detailed formulation of the
dynamics and provide a detailed proof of one technical statement.
2. Problem Formulation. This section gives a brief overview of the formulation of the hybrid dynamics of planar biped robots with point feet that walk on a
ﬂat surface, which is used throughout the paper. Some of the technical details and
derivations are relegated to Appendix A. The robot model is either a single rigid body
or a kinematic chain of rigid links. A particular material point on the robot, which is
called the stance foot, is maintaining contact with the ground. Another material point
which is called the swing foot, is currently detached from the ground and is supposed
to establish contact at the next step. When the swing foot hits the ground the stance
foot detaches, and the feet switch roles for the next step. The hybrid dynamics is
composed of two phases which are formulated below — a continuous-time phase during which the swing foot moves forward, and an instantaneous impact phase, caused
by collision of the swing foot with the ground.
2.1. Continuous-time dynamics. Let q ∈ RN denote the coordinates which
describe the position of each of the robot’s links. In particular, the coordinates q
describe the position r of the stance foot, and its velocity vector ṙ depends on both
positions q and velocities q̇. Let vt and vn denote the components of the stance foot’s
velocity ṙ in the directions tangent and normal to the surface. These components can
be formulated as
vt = wt (q) · q̇ , vn = wn (q) · q̇.

(1)

When the foot maintains a sticking contact with the ground, both vt and vn vanish.
In case where the foot is slipping vt ̸= 0, only the constraint on the normal velocity
wn (q) · q̇ = 0 holds. The equations of motion of the robot can be formulated using
the method of constrained Lagrange’s equations (cf. [52]), and are given by
M(q)q̈ + B(q, q̇) + G(q) = E(q)u(t) + W(q)T f

(2)

where M(q) is called the matrix of inertia, B(q, q̇) is the vector of velocity-dependent
terms such as Coriolis and centripetal forces, and the vector G(q) contains gravitational forces. On the right hand side of (2), the vector u(t) ∈ Rm augments the
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controlled torques at actuated joints (if they exist), where E(q) maps these torques
T
to their associated generalized forces. The matrix W(q) = [wt (q) wn (q)] is the
robot’s Jacobian matrix with respect to the stance foot’s position, i.e. W(q) = dr/dq.
The vector f = [ft fn ]T contains the tangential and normal components of the contact force acting at the stance foot. Assuming Coulomb’s dry friction model [17],
these components must satisfy the inequality given by
|ft | ≤ µfn ,

(3)

where µ ≥ 0 is the coeﬃcient of friction, which is assumed to be a given property of
the surfaces in contact. When inequality (3) is not satisﬁed, tangential slippage of the
contact point starts to evolve, i.e. vt ̸= 0. In that case, according to Coulomb’s friction
model, the tangential contact force ft opposes the direction of slippage, and depends
on the normal force fn as ft = −sgn(vt )µfn . (For simplicity, we do not distinguish
between static and kinetic friction throughout this work). Thus, the contact force f is
a function of positions q and velocities q̇, and depends on the instantaneous state of
the contact — sticking or slipping. This distinction is the main diﬀerence between our
work and vast majority of the works on dynamic biped locomotion in the literature,
which always assume sticking contact. A detailed derivation of the expressions for the
contact force is given in Appendix A.
The dynamics in (2) can also be written as a state equation, which is a ﬁrst-order
vector diﬀerential equation. The state vector of the system combines the robot’s
positions and velocities x = (q, q̇) ∈ R2N . The state equation can then be written in
the form ẋ = F(x, u), as detailed in Appendix A. Alternative ways to formulate the
equations of motion for this class of unilaterally constrained mechanical systems are
by using complementarity [3, 60] or convex analysis formulation [61], which are not
discussed here.
2.2. Impact law. We now formulate the impact interaction that occurs when
the swing foot collides with the ground. The assumption of perfectly rigid bodies
implies that a collision results in an instantaneous change in the velocities which is
caused by impulsive contact forces. Let r̃ denote the swing foot’s position during
motion, and let W̃(q) = dr̃/dq be its Jacobian matrix. At the time t=tc , the swing
foot r̃ hits the ground, and an impact occurs. The impact process involves a very
short contact interaction where a large contact force f̃ (t) acts at the colliding foot and
causes an instantaneous change in the velocities q̇. It is assumed that the coordinates
q remain unchanged during the impact process q(t = tc ) = qc . The change in the
velocities q̇ is governed by impulse-momentum balance as
(
)
T
−
Mc q̇(t+
c ) − q̇(tc ) = W̃c F̃,

(4)

where the contact impulse F̃ is ∫the time-integral of the contact force f̃ during the
short time of collision, i.e. F̃ = f̃ (t)dt. The superscripts ’+’ and ’−’ in (4) denote
the time right after and right before the collision, and Mc and Wc are shorthand
notations for M(q = qc ) and W(q = qc ), respectively.
In the literature on legged robots, is it is almost always assumed that collisions
are perfectly plastic, so that the impact results in sticking contact at the colliding
foot. However, incorporating Coulomb’s friction model implies that the tangential
and normal components of the contact impulse F̃ must satisfy the inequality
F̃t ≤ µF̃n .
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(5)

If a plastic collision cannot be obtained while satisfying the inequality (5), the impact
must result in slippage while the tangential impulse attains its maximal allowed magnitude F̃t = ±µF̃n . The process described above gives rise to an impact law, which
describes the changes in the velocities due to impact. This relation, which is linear
in velocities q̇ and nonlinear in conﬁguration q, is given by q̇+ = β (qc )q̇− , where q̇+
c
+
−
and q̇−
c are shorthand notations to q̇(t = tc ) and q̇(t = tc ), respectively. Detailed
derivation of the matrix β (qc ) is given in Appendix A.
In models of biped locomotion, the impact is typically followed by relabeling of
the coordinates in order to account for the switch in the roles of the feet. This is
commonly done by applying linear transformations to the positions and velocities
q → S1 q and q̇ → S2 q̇ where S1 and S2 are constant N ×N matrices. In state-space
formulation, composition of the coordinates relabeling with the impact law can be
expressed as a linear relation between the pre-impact and post-impact values as
(
)
S1
0
+
−
x = X (xc )x , where X (xc ) =
.
(6)
0 S2β (qc )
2.3. Hybrid dynamics and solutions. We now deﬁne the hybrid dynamics of
the system, which consists of a concatenation of continuous-time phases interleaved
with discrete impact events. First, we deﬁne the sets of double-contact conﬁgurations
in state space (i.e. where the two feet touch the ground), as follows. Let r̃n (q) be the
normal distance of the swing foot from the ground, and let vn = r̃˙n denote the swing
foot’s normal velocity. The sets of double-contact pre-impact and post-impact states
are deﬁned as
Σ− = {(q, q̇) :

r̃n (q) = 0 and ṽn (q, q̇) < 0}

Σ = {(q, q̇) :

r̃n (q) = 0 and ṽn (q, q̇) > 0} .

+

(7)

Using the standard formulation of [28], the hybrid dynamics of the robot can then be
represented as the combination of a diﬀerential equation and a discrete jump as
{
ẋ(t) = F(x, u)
x(t) ∈
/ Σ−
(8)
x(t+ ) = X (x)x(t− )
x(t− ) ∈ Σ−
Note that both F(x, u) and X (x) in (8) are piecewise smooth, due to the stick/slip
conditions, see Appendix A. A solution of the hybrid dynamics (8) under given initial
condition x(0) and control input u(t) consists of an ordered set of impact times
Υ = {t1 , t2 , . . .} and a piecewise-continuous time-dependent vector x(t) which satisﬁes
ẋ(t) = F(x(t), u(t)) for all t ∈
/ Υ. At the discontinuity points tk ∈ Υ, the solution of
−
−
x(t) satisﬁes the impact law x(t+
k ) = X (x(tk ))x(tk ).
It is important to note that for hybrid systems which represent this particular
class of mechanical systems with unilateral constraints (cf. [10, 61]), there exist
special scenarios for which the solution may be inconsistent or non-unique due to
the deﬁnition of stick/slip contact transitions. These cases, which are associated
with the well-known paradox of Painlevé [47, 57, 59], are not considered in this work,
since the paradox can only occur for very extreme values of physical parameters in the
particular models considered here, see [54] for detailed analysis. Another phenomenon
which is unique to hybrid systems is Zeno behavior [55, 58, 86], where the solution
undergoes an inﬁnite number of discrete transitions (impacts) in ﬁnite time. While
Zeno behavior is typical to systems with rebound after impacts such as the classical
bouncing ball problem (cf. [34]), it is much less relevant in the models considered
here where completely plastic impacts with no rebound are assumed.
5

2.4. Hybrid periodic solutions and orbital stability. Since dynamic walking naturally involves periodic motion under hybrid dynamics, we now brieﬂy discuss
hybrid periodic solutions and their stability. A more detailed formalization can be
found in [34, 82]. First, we introduce the (post-impact) Poincaré map of the hybrid
dynamics. This is a map Π : Σ+ → Σ+ which maps an initial post-impact state
x0 ∈ Σ+ to the post-impact state right after the next impact. The formal deﬁnition
of Π is given by
−
−
−
−
Π(x0 ) = x(t+
c ) = X (x(tc ))x(tc ), where tc = min{t > 0 : x(t) ∈ Σ }

(9)

such that x(t) is the solution of (34) under initial condition x(0) = x0 . The domain
Σ+ of Π is called the (post-impact) Poincaré section. Note that not all solutions of
(34) necessarily reach impact states at Σ− , hence the map Π may be deﬁned only
on a subset of the Poincaré section Σ+ . The Poincaré map induces a discrete-time
dynamical system which governs the step-to-step transition of a hybrid solution, as
xk+1 = Π(xk )

(10)

where xk = x(t+
k ) is the series of post-impact states, i.e. right after the impacts. A
ﬁxed point x∗ of (10) which satisﬁes Π(x∗ ) = x∗ corresponds to initial condition of
a periodic solution of the hybrid system. For a bipedal robot model, x∗ is precisely
an initial condition which results in periodic motion of cyclic walking. The periodic
solution is orbitally (asymptotically) stable if the corresponding ﬁxed point x∗ is
(asymptotically) stable under the discrete-time dynamics (10). (See [34, 82] for more
formal deﬁnitions of orbital stability). According to classical stability theory (cf.
[43]), stability of x∗ is determined by the eigenvalues of the linearization matrix
dΠ
A=
as follows: x∗ is asymptotically stable if and only if all eigenvalues
dx x=x∗
λi of A lie within the unit disc in the complex plane, i.e. they must satisfy |λi | < 1.
Note that in most cases the Poincaré map Π, its ﬁxed point x∗ and the linearization
matrix A can only be computed numerically. Only in very few low-dimensional cases
these expressions can be found analytically, as in [27] and in [14, 48] which are also
reviewed in the next section. Another important observation is that since Σ+ is of
dimension 2N − 1, the matrix A can be reduced to dimensions (2N − 1) × (2N − 1)
when expressed in a suitable (2N −1)-dimensional parametrization of Σ+ . Moreover,
in legged locomotion along a ﬂat plane the dynamics is always independent of the
coordinate associated with forward motion (i.e. in the notation of the next sections,
x is a cyclic coordinate) so that this coordinate is ignored in Π as well, resulting
in further reduction to dimension 2N −2. (Formally, this notion is called restricted
Poincaré map, see [82]). Note, however, that even though x is a cyclic coordinate, the
stride length along a periodic solution, given by ∆x=x(tk+1 )−x(tk ), is important.
3. Passive dynamics of the rimless wheel. This section studies the dynamics
of the rimless wheel model (RW). The rimless wheel is a star-like rigid body with
n ≥ 4 evenly-spaced spokes, that rolls passively down an inclined plane in a way that
resembles bipedal walking (see Figure 3.1(a)). At each time a single spoke is in contact
with the ground and represents the stance foot, until the next spoke, which represents
the swing foot, hits the ground and makes contact while the previous spoke is released.
In what follows, known results from [14, 48] on the rimless wheel’s dynamics under
contact sticking are reviewed ﬁrst. Then, constraints on the contact forces are studied
and the dynamics under stick-slip transitions is analyzed, followed by delineation of
regions of attraction of stable periodic solutions.
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Fig. 3.1. (a) The rimless wheel (RW) model. (b) Trajectory of periodic solution of the RW in
(θ, θ̇)-plane under sticking contact (Type A solution) for µ > µc .

We begin by formulating the equations of motion of the RW using the notation
introduced in Section 2. Let m and Ic denote the wheel’s mass and moment of
inertia with respect to its center-of-mass, and let l denote the spokes’ length. The
gravity acceleration is denoted by g, and the slope angle of the inclined plane is α.
The chosen coordinates are q = (x, y, θ), where x and y denote the position of the
contacting spoke’s tip in the directions tangent and normal to the ground. Note
that this position is constrained, such that ẏ = 0 means that the wheel maintains
contact with the ground, while ẋ = 0 holds when the contact point does not slip.
The third coordinate θ is the orientation angle of the contacting spoke with respect
to the normal direction (y-axis, see Figure 3.1(a)). Thus, θ changes within the range
[−π/n, π/n] between two consecutive “steps”, and after an impact at θ = π/n it is
reset back to −π/n for the next step. The kinetic and potential energies of the wheel
are given by equation (41) in Appendix A. The continuous-time equations of motion
can be derived in the form (2), and the impulse-momentum relation is of the form (4)
where the expressions in these two equations are given as




2
m
0
ml cos θ
−mlθ̇ sin θ

0
m
−ml sin θ
, B(q, q̇) =  −mlθ̇2 cos θ
ml cos θ −ml sin θ ml2 (1 + κ)
0


(
)
(
−mg sin α
1
1 0 0
 , W(q) =
mg cos α
G(q) = 
, W̃c =
0
0 1 0
−mgl sin(α + θ)

M(q) = 





0
 , Eu =  0 
0
0
1

0
−2l sin

)
π
n

(11)
The nondimensional inertia ratio κ=Ic /ml2 varies within the range [0, 1], where κ=0
means that all the wheel’s mass is concentrated at its center, κ=1 means that all the
spokes’ masses are concentrated at their tips, and κ=1/3 corresponds to uniform mass
distribution along the spokes.
3.1. RW– Review of no-slip hybrid dynamics. We now brieﬂy review
known results on the hybrid dynamics of the RW model, which were derived in [14, 48]
under the assumption of fully sticking contact. In particular, we discuss hybrid periodic solutions and their stability. Since the contact sticking constraint W(q)q̇=0
simply implies that ẋ=ẏ=0, the equations of continuous-time motion in (2) with the
expressions (11) reduce to the single equation for the angle θ:
θ̈ − sin(θ + α) = 0.

(12)

Equation (12) is simply an inverted pendulum
equation, where the time scale is nor√
malized by the characteristic time τc = mgl/(ml2 + Ic ). This equation is integrable
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due to conservation of total mechanical energy. Thus, the angle θ and angular velocity
θ̇ satisfy the relation
(
π)
θ̇2 = θ̇02 + 2 cos α −
− 2 cos (α + θ)
(13)
n
where θ(0)= − π/n and θ̇0 = θ̇(0) is the initial angular velocity. Impact occurs at
θ = π/n. Assuming sticking contact, the impact induces a discontinuous jump of the
angular velocity θ̇ which can be obtained as (see (38) in Appendix A):
+

−

θ̇ = β θ̇ , where β =

cos(2π/n) + κ
.
1+κ

(14)

Denoting the state vector as x = (θ, θ̇), the post-impact Poincaré section is deﬁned as
Σ+ = {(θ, θ̇) : θ = −π/n and θ̇ > 0}, which is parametrized by θ̇. Using the energy
relation (13) and the impact law (14), the scalar Poincaré map which maps an initial
+
post-impact angular velocity θ̇0 to the velocity right after the next impact θ̇c is given
by
√
2
+
Π(θ̇0 ) = θ̇c = β θ̇0 + 4 sin α sin(π/n).
(15)
∗

∗

∗

The Poincaré map in (15) has a ﬁxed point θ̇ satisfying Π(θ̇ )=θ̇ , which is given by
√
∗
sin α sin(π/n)
θ̇ = 2β
.
(16)
1 − β2
This ﬁxed point corresponds to a hybrid periodic solution of the RW dynamics. As
an example, Figure 3.1(b) plots the closed-loop trajectory of the periodic solution
in (θ, θ̇)-plane for parameter values of n=10, κ=1/3 and α=13◦ . The vertical line
segment corresponds to the jump in θ̇ due to impact, while the horizontal line segment
corresponds to re-initialization of θ from π/n back to −π/n. This periodic solution,
which assumes sticking contact without foot slippage, is denoted as Type A and its
animation can be found in the supplementary material [87]. Stability of this periodic
solution is determined by the single eigenvalue of the linearization of Π about its ﬁxed
point, which is given by
dΠ
dθ̇0

θ̇ 0 = θ̇

∗

= β 2 < 1.

(17)

Since the magnitude of this eigenvalue is less than unity, it is concluded that the
∗
periodic orbit associated with θ̇ is asymptotically stable.
∗
It is important to note that the ﬁxed point θ̇ as deﬁned in (16) does not actually
exist in all cases. This happens because the energy relation (13) which relates θ̇ to
2
θ̇0 does not capture the sign of θ̇, and thus may give a false prediction of a periodic
solution in cases where θ̇(t) becomes negative and θ(t) evolves backwards and do not
reach the contact at θ=π/n. This scenario is possible for shallow slopes α < π/n
for which the upright equilibrium position θ= − α lies within the range of feasible
orientation angles [−π/n, π/n]. In such cases, one needs to verify that the initial
kinetic energy of the wheel is large enough for crossing the upright equilibrium position
∗
where θ=−α. Substituting θ̇0 =θ̇ from (16) and θ=−α into (13), gives the inequalities
(
π
π)
π
4β 2
sin
α
sin
+
2
cos
α
−
− 2 > 0, or α > .
(18)
2
1−β
n
n
n
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For given values of κ and n, this inequality implies a lower bound on the slope angle
α > αmin . As an example, for parameter values n=10 and κ=1/3, the slope angle
∗
must satisfy α > 1.4◦ in order to guarantee existence of the periodic solution for θ̇0 =θ̇ .
(This comes from the ﬁrst inequality in (18)).
3.2. RW– Constraints on contact forces. We now analyze the constraints
on contact forces which were not considered in the works [15, 48] and [14]. Using the
expressions in (11) the components of the contact force f under contact sticking are
obtained from (31) as
(
)
mg
fn (θ, θ̇) = 1+κ
(cos(α + θ) − θ̇2 ) cos θ + κ cos α
(
)
(19)
mg
ft (θ, θ̇) = 1+κ
(cos(α + θ) − θ̇2 ) sin θ − κ sin α .
In [48] and [14], the possibility of contact slippage is ignored, which is equivalent
to assuming arbitrarily large friction coeﬃcient µ, so that inequality (3) is always
satisﬁed. Moreover, these works did not consider the requirement that the normal
force fn must be positive in order to maintain contact and avoid detachment. In order
to check this requirement, the normal force fn in (19) can be expressed in terms of
θ and θ̇0 only, by using the energy relation (13). Substituting the initial condition
∗
of a periodic solution θ̇0 =θ̇ , one obtains the normal contact force along a periodic
solution as
)
)
∗
mg ((
fn∗ (θ) =
3 cos(α + θ) − (θ̇ )2 − 2 cos(α − nπ ) cos θ + κ cos α .
(20)
1+κ
For the range θ ∈ [π/n, π/n], it is proven in Appendix B that fn∗ (θ) always attains
its minimum at θ=π/n. Therefore, in order to maintain positive normal contact force
along the entire periodic solution, the inequality fn∗ (θ=π/n) ≥ 0 must be satisﬁed.
∗
Substituting the expression for θ̇ from (16) into (20) then gives a scalar inequality
in the parameters κ, α and n, as
(
)
sin α sin(π/n)
π
3 cos(α + nπ ) − 4β 2
−
2
cos(α
−
)
cos( nπ ) + κ cos α > 0,
(21)
n
1 − β2
where β=β(κ, n) is deﬁned in (14). For given values of κ and n, inequality (21)
imposes an upper bound on the slope angle α < αmax . For example, for parameter
values n=10 and κ=1/3, the slope angle must satisfy α < 14.7◦ in order to guarantee
positive normal contact force during the entire periodic solution. Together with the
lower bound αmin from (18), these two inequalities form the permissible region in the
space of parameters α, κ and n. This permissible region is plotted in Figure 3.2 as
slices in (κ, α)-plane for values of n = {4, 5, 6, 7, 8}. One can see that this imposes
a signiﬁcant limitation on the allowed parameter values. The permissible region of
parameter values for maintaining contact is much smaller than the region delineated
in [14] under the requirement of forward rolling only. In fact, one can see from Figure
3.2 that periodic motion of the RW which maintains contact can never exist for slope
angle α steeper than 26◦ .
Next, we consider the bounds on contact forces which are induced by a ﬁnite
coeﬃcient of friction µ. Let the ratio of tangential to normal contact forces be denoted
by σ = ft /fn . The friction inequality constraint (3) implies that |σ(t)| ≤ µ must be
9
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Fig. 3.2. Regions of parameters κ, α, n for which the periodic solution exists and maintains
contact with positive normal force.

satisﬁed along the entire motion. Using the expression for the contact forces (19)
∗
and the energy relation (13), the ratio σ along the periodic solution with θ̇0 =θ̇ is a
function of θ only, which is given by
(
)
∗
3 cos(α + θ) − (θ̇ )2 − 2 cos(α − π/n) sin θ − κ sin α
)
.
(22)
σ(θ) = (
∗
3 cos(α + θ) − (θ̇ )2 − 2 cos(α − π/n) cos θ + κ cos α
For a given value of the parameters α, κ and n, there exists a critical coeﬃcient of
friction µc which is the minimal value of µ required in order to satisfy the friction
inequality (3) during the periodic solution. The critical value µc is given by
µc = max{|σ(θ)| : θ ∈ [−π/n, π/n]}.

(23)

As an example, Figure 3.3(a) plots the force ratio σ(θ) along the periodic solution for
parameter values of n=10, κ=1/3 and α=13◦ , for which the critical value is µc = 0.91,
which is attained at the endpoint θ=π/10. Note that this value of µc is rather large,
and hard to achieve in practice. Thus, it is very likely that for realistic values of
friction coeﬃcient µ, the RW dynamics will not satisfy the assumption of sticking
contact. Furthermore, since σ(π/10) < 0, it is expected that forward slippage down
the slope will evolve.
Another constraint which must be maintained in order to ensure sticking contact
is concerning the contact impulse at the impact event. In particular, the ratio of
tangential to normal contact impulses, deﬁned as σ̃, must satisfy
|σ̃| =

F̃t
≤ µ.
F̃n

(24)

Using the sticking impact equation (37) and the expressions in (11), the value of σ̃ in
the periodic solution is given by
σ̃ =

sin(2π/n)
.
2(κ + cos2 (π/n))

(25)

This (negated) value is marked by ’×’ at the right end of the plot in Figure 3.3(a).
It can be seen that for the chosen parameter values, the periodic solution satisﬁes
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|σ̃| < µc , so that the impact can maintain contact sticking as long as the continuoustime motion does. When the friction coeﬃcient µ is decreased below its critical value
µc , contact slippage begins to evolve, as discussed next.
3.3. RW– analysis of stick-slip dynamics. When the frictional inequality
(3) cannot be satisﬁed under sticking contact, the contact begins to slip. The detailed
formulation of the rimless wheel’s dynamics and impact law under slippage are given
in Appendix A. In what follows, we numerically investigate the inﬂuence of changes in
the coeﬃcient of friction on hybrid periodic solutions of the RW model. In particular,
we investigate transitions from sticking to slippage and vice versa, while focusing on
hybrid periodic solutions and their stability.
Choosing representative parameter values as n=10, κ=1/3 and α=13◦ , the critical
friction coeﬃcient has already been found as µc =0.91. Upon varying the value of µ,
four diﬀerent types of periodic solutions have been found, denoted as Types A,B,C
and D, which are detailed as follows. Type A solutions which exist for µ ≥ 0.91,
involve no slippage at the contact. Type B solutions which exist for µ ∈ [0.25, 0.91]
involve a sticking impact followed by a transition from stick to slip. Animation of
this type of periodic motion can be found in the supplementary material [87]. Type C
solutions which exist in the narrow range of µ ∈ (0.24, 0.25) involve a slipping impact
followed by slip → stick → slip transitions. Finally, Type D solutions which exist for
µ ∈ [0.1, 0.32] involve slipping impact followed by forward slippage during the entire
motion. Note that in this special type of solution, x(t) and ẋ(t) are not periodic, but
θ(t) and ẍ(t) are periodic since θ̈ and ẍ depend on θ, θ̇ and sgn(ẋ) only (see eq. (42)
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correspond to the periodic solutions of Types A,B,C,D, respectively

in Appendix A). Thus, this solution has a constant change in the slippage velocity ẋ
+
during each period of the solution, which is denoted by ∆ẋ = ẋ+
k+1 − ẋk .
Plots of solution trajectories of Types A,B,C,D in (θ, θ̇)-plane for representative
values of µ are shown in Figures 3.1(b),3.3(b),3.4(a),3.4(b), respectively, where motion
under sticking contact appears as a solid curve while motion under slippage appears
∗
as a dashed curve. Figure 3.5(a) plots the change in the ﬁxed point θ̇ of the Poincaré
map for each type of periodic solution as a function of µ, where Type D solutions
are sub-divided into Type D+ for which ∆ẋ > 0 and Type D− for which ∆ẋ < 0.
Interestingly, the ﬁgure indicates that Type D− solutions co-exist with Type B or
Type C solutions for a given value of µ, where convergence to either of the solutions
is determined by initial conditions, and particularly the slippage velocity ẋ(0).
Figure 3.5(b) plots the change in the eigenvalue λ of the Poincaré map linearization about each periodic solution, which is obtained numerically, as a function of µ.
Note that for Types A and B the Poincaré map is scalar and has a single linearization
eigenvalue since the one-dimensional Poincaré section can be parametrized by θ̇ only.
On the other hand, Type C solutions with slipping impact have a two-dimensional
Poincaré section parametrized by post-impact values of θ̇ and ẋ. Thus, the associated
Poincaré map has two eigenvalues, and the largest magnitude λmax = max{|λ1 |, |λ2 |}
is plotted in this branch of solutions in Figure 3.5(b).
The Poincaré section for Type D solutions is again one-dimensional and can be
parametrized by θ̇ only since these solutions are not aﬀected by ẋ(t) as long as it does
not reverse its sign. Thus, the Poincaré map is scalar and has a single linearization
eignevalue λ which is shown on the plot in Figure 3.5(b) in solid (Type D+ ) or
dashed (Type D− ) lines. It can be seen that for the chosen parameter values, the
low eigenvalue λ ≈ 0.35 indicates rapid convergence to Type D periodic solution.
However, note that these solutions can be considered as “asymptotically stable” only
with respect to θ and θ̇, and are neutrally stable with respect to small changes in
ẋ. More importantly, asymptotic convergence to Type D− solution under initial
conditions with ẋ(0) > 0 cannot actually occur, since ∆ẋ < 0 implies that after a
ﬁnite number of impacts ẋ crosses zero and this periodic solution ceases to exist due
to loss of slippage. That is, the one-dimensional Poincaré map under slippage does
not account for the state variable ẋ, and thus it cannot provide a complete description
of the RW dynamics.
As an example, we simulate the RW model with the same physical parameters
and friction coeﬃcient µ=0.3, under initial conditions of θ= − π/10, θ̇ = 1.12, and
ẋ = 0.7. Figure 3.6(a) plots the solution trajectory in (θ, θ̇)-plane as thin lines, while
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the loops of thick curves denote the two periodic solutions of Type B and Type D− .
Figures 3.6(b) and (c) plot the discrete series of post-impact values of θ̇(t+
k ) and
ẋ(t+
),
respectively.
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that
the
motion
of
the
RW
ﬁrst
rapidly
converges
k
∗
towards the Type D periodic solution with θ̇ =1.072. This solution involves forward
slippage with decreasing velocity of ∆ẋ= − 0.0517. Thus, after k=15 impacts, the
slippage velocity ẋ vanishes. The solution then converges to the co-existing Type B
∗
periodic solution with θ̇ =0.8807, which involves sticking impact followed by stick-slip
transition.
3.4. RW– regions of attraction of periodic solutions. We now analyze
regions of attractions of stable periodic solutions of the rimless wheel. This subject
has been extensively studied by Coleman [14], who identiﬁed three possible steadystate scenarios: (i) the stable periodic motion downhill; (ii) rocking back and forth on
two spokes until coming to a rest at a two-contact position; (iii) reaching the (unstable)
upright equilibrium position of the rimless wheel in inﬁnite time. They have found the
regions of attractions of scenarios (i) and (ii) in terms of initial post-impact angular
velocity θ̇0 , and also the discrete series of θ̇0 values for which scenario (iii) is reached
after some ﬁnite number of impacts. It is shown in [14] that both scenarios (ii) and
(iii) can never occur for steep slopes that satisfy α > π/n. For shallow slopes α < π/n,
scenarios (ii) and (iii) can occur for negative θ̇0 or for suﬃciently low values of θ̇0 > 0
which result in sign reversal of θ̇, i.e. backward rolling.
A crucial fact is that in the work [14], not only slippage was not considered, i.e
unbounded friction was assumed, but also the possibility of contact detachment due
to zero-crossing of the normal contact force fn was completely ignored. From the
expression for fn in (19) and the relation (13), it can be seen that large values of |θ̇0 |
may cause contact detachment, and thus they must be excluded from the region of
attraction. We now rederive the region of attraction of the stable periodic solution
(i) of downward motion while accounting for the requirement of preserving contact
fn > 0. We begin with the simplifying assumption of unbounded friction µ → ∞, and
then continue to the case of ﬁnite friction.
Region of attraction under unbounded friction: First, one has to require
that the parameters κ, α and n are in the permissible region shown in Figure 3.2,
which ensures that no contact detachment occurs along the periodic solution with
∗
θ̇0 =θ̇ . For parameter values of n=10, κ=1/3, this implies that the slope angle is
∗
bounded by α < 14.7◦ . Additionally, in order for the periodic solution with θ̇0 =θ̇
given in (16) to exist without rolling backwards, i.e. θ̇(t) > 0, the slope angle must
∗
satisfy α > 1.4◦ , according to equation (18). For other initial conditions θ̇0 ̸= θ̇ , the
initial angular velocity must be suﬃciently large in order to prevent backward rolling.
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Using the energy relation (13) and requiring that θ̇ > 0 at the upright equilibrium
θ= − α imposes a constraint on θ̇0 as
√
(26)
θ̇0 > θ̇min = 2(1 − cos(α − π/n)).
Additionally, one has to ensure that contact is maintained, i.e. fn (t) > 0. Using
the expression for fn in (19), and the energy relation (13), it can be proven (see
Appendix B) that between two consecutive impacts, fn attains its minimum value at
the pre-impact state where θ=π/n. Moreover, it can also be shown that it suﬃces to
guarantee that the requirement fn (θ=π/n) > 0 is satisﬁed at the ﬁrst impact only in
order to guarantee that fn > 0 during the entire solution. Using equations (13),(19)
and the requirement fn (θ=π/n) > 0 then gives the upper bound on the initial angular
velocity as θ̇0 < θ̇max where
√
cos(α)
θ̇max = 3 cos(α + π/n) − 2 cos(α − π/n) + κ
.
cos(π/n)
Figure 3.7 plots the interval of convergent initial conditions (θ̇min , θ̇max ) in a shaded
region as a function of α, for n=10 and κ=1/3. The solid curve represents the initial
∗
∗
condition of the periodic solution θ̇0 =θ̇ . It can be seen that for α=1.4◦ , θ̇ coincides
∗
with the lower bound θ̇min , meaning that for initial conditions of θ̇0 =θ̇ , the RW goes
to its upright position in inﬁnite time and a periodic solution is never reached. At the
∗
other end, for α=14.7◦ , θ̇ coincides with the upper bound θ̇max , meaning that the
periodic solution ends with contact detachment. Thus, the interval θ̇0 ∈ (θ̇min , θ̇max )
is the region of attraction of the stable periodic solution of the RW which satisﬁes the
requirement of no contact detachment under the assumption of unbounded friction.
In Particular for κ=1/3 and α=13◦ these bounds are given by θ̇min =0.0872 rad/τc
and θ̇max =0.9595 rad/τc . These values will be used as references for comparison with
the case of ﬁnite coeﬃcient of friction, which is studied next.
Regions of attraction under finite friction: Under a ﬁnite coeﬃcient of
friction µ, stable periodic solutions with stick-slip transitions are possible. Under
perturbation in the initial post-impact angular velocity θ̇0 , solutions that involve slippage are allowed as long as they eventually converge to the original periodic solution,
while initial conditions for which slippage ends at contact detachment are excluded.
Since the slippage dynamics is not energy-preserving, the region of attraction of the
periodic solutions that involve slippage can be obtained only numerically.
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We have studied periodic solutions of Types A, B and D+ , which are shown in
Figure 3.8(a) for parameter values of n=10, κ=1/3 and α=13◦ while the friction
coeﬃcient µ is varied. Upper and lower bounds on the initial post-impact angular
velocity θ̇0 which result in convergence to the periodic solutions while avoiding backward rolling and contact detachment were obtained numerically. These bounds are
plotted as a function of µ in Figure 3.8(a) as upper and lower curves θmin (µ) and
θmax (µ) which are enclosing the initial condition of periodic solutions θ∗ for Types
A, B and D+ solutions.
For Type B solutions of stick-slip with sticking impact, it can be seen that the
lower bound θ̇min has a constant value of 0.0872 rad/τc for µ > 0.29, which is the
same value obtained for θ̇min in (26) for the case of unbounded friction. The reason
for this is the fact that Type B solutions start with motion under sticking contact and
switch to slippage only after passing the upright equilibrium, thus the condition for
avoiding backward rolling is the same as the one obtained for no-slip motion. When
µ < 0.29, transition to slippage occurs before reaching the upright equilibrium, and
thus backward rolling is aﬀected by the slippage dynamics (eq. (42) in Appendix A),
which results in diﬀerent values of θ̇min that depend also on µ. As for the upper bound
θ̇max , it changes very slowly with µ, and tends to a constant value of approximately
1.14 rad/τc for large µ. Remarkably, this value is signiﬁcantly larger than the value
of θ̇max =0.9595 rad/τc for unbounded friction, which appears as a dash-dotted line
in Figure 3.8(a). The reason for this discrepancy, which persists even for very large
but ﬁnite values of µ, is the observation that in a transition from contact sticking to
slippage the contact forces change continuously but not smoothly. Thus, the transition
to slippage changes the derivative f˙n (t) to a larger value which delays the contact
detachment.
As an example, Figure 3.8(b) plots the normal contact force fn as a function
of the angle θ for θ̇0 =1 rad/τc and µ=1. The solution begins with no-slip motion
(solid curve) and at θ=0.163 rad it switches to slippage (dashed curve). The dotted
curve is the continuation of fn (θ) under no-slip motion with unbounded friction. It
can be seen that in motion without slippage (dotted curve), fn was supposed to
reach zero (contact detachment) at θ=0.256 rad/τc , whereas in the actual motion
under slippage fn remains positive until impact at θ=π/10. Thus, the initial angular
velocity θ̇0 can be further increased above 0.9595 rad/τc . The maximal allowed value
of θ̇0 is obtained numerically as θ̇max =1.1374. Figure 3.8(c) plots the normal contact
force fn (θ) for the critical case of θ̇0 =θ̇max . It can be seen that contact detachment
(fn = 0) occurs at an intermediate angle of θ= − 0.01 rather than at impact. Since
avoiding contact detachment turns out to be a key consideration in the response to
15

initial perturbations, one can thus conclude that slippage signiﬁcantly enlarges the
region of attraction of Types A and B periodic solutions of the RW, even though the
convergence rate is decreased (larger linearization eigenvalues, see Figure 3.5(b)).
The upper and lower bounds of initial angular velocities θ̇min and θ̇max for convergence to Type D+ solution of complete slippage (ẋ > 0) are also plotted in ﬁgure
3.8(a), and enclose the region of attraction of this stable periodic solution. No region
of attraction was computed for Type D− solution, since this solution holds only for
a ﬁnite number of impacts and then converges to Type B solution. Region of attraction of Type C solution was also not computed, since it involves 2 initial conditions
(θ̇0 , ẋ0 ), and thus cannot be shown on the plot of Figure 3.8(a). Moreover, this type
of solution exists only on a very narrow range of values of µ.
4. Passive dynamics of the compass biped. In this section, we analyze the
dynamics of the passive compass biped (CB) model. The compass biped is a robotic
model which consists of two rigid links (”legs”) of length l, connected by a passive
rotary joint (”hip”), see Figure 4.1(a). For simplicity, we assume that the two legs
have identical point masses m located at a distance d from their endpoints (”feet”).
Another point mass mh is located at the hip joint. The robot walks passively on
an inclined plane with slope angle α. The angle of the stance foot is θ1 and the
angle of the swing foot is θ2 , both measured with respect to the contact normal (y
axis). The robot’s coordinates are chosen as q = (θ1 , θ2 , x, y)T , where x, y denote the
(constrained) position of the stance foot. The swing foot hits the ground when θ1 =θ2 .
Using the formulation procedure described in Section 2, the equations of motion of
the robot and impulse-momentum balance can be formulated as in (2) and (4), where
the explicit expressions in q, q̇ are given by


d2 m+l2 (m+mh )

lm (l−d) C12
M(q) = 
 [dm+l (m+mh )] C1
−[dm+l (m+mh )] S1

lm (l−d) C12
m(d−l)2
m (l−d) C2
m (l−d) S2

[dm+l (m+mh )] C1
m (l−d) C2
2m+mh
0


−[dm+l (m+mh )] S1

m (l−d) S2


0
2m+mh


(d−l)lmS12 θ̇22
[
]
2


(d−l)mlS12 dotθ1
0 0 1 0


W(q) =
B(q, q̇) = 
0 0 0 1
(d−l)mS2 θ̇22 −((d+l)m+lmh ) S1 θ̇12 
2
2
2
−lmh C1 θ̇1 −(d+l)mC1 θ̇1 +(l−d)mC2 θ̇2
 


0
−((d+l) m+lmh ) sin(θ1 +α)
[
]

0

lC1 lC2 1 0
(d−l)m sin (α−θ2 )



Eu =  
G(q) = g 
 W̃(q) = −lS1 lS2 0 1
0
−(2m+mh ) sin α
(mh +2m) cos α
0


where S1 = sin θ1 , S2 = sin θ2 , S12 = sin(θ1 +θ2 ), C12 = cos(θ1 +θ2 ).

(27)
Note that after impact, the stance foot and swing foot switch roles, so that the
coordinates of θ1 and θ2 and their velocities swapped and reversed, i.e. θ1 ↔ −θ2 , θ̇1 ↔
−θ̇2 .
4.1. Passive CB – No-slip dynamics. Assuming sticking contact, stable periodic solutions (i.e. gaits) for the passive compass biped have been demonstrated in
[48] and extensively studied in [29]. As a representative example, parameter values
which will be used for numerical simulations throughout this and the next section are
chosen as l = 1.6m, d = 0.8m, m = 4Kg, mh = 2Kg, g = 9.8m/s2 , and α = 1◦ .
Figure 4.1(b) plots the trajectories of θ1 and θ2 along the periodic solution in (θi , θ̇i )16
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λmax of Gaits A,B,C as a function of µ.

plane, where straight line segments represent the velocity jump at impact and the
coordinate relabeling θ1 ↔ −θ2 , θ̇1 ↔ −θ̇2 . This type of periodic solution, which does
not involve slippage, is denoted as Gait A. The Poincaré section of this solution is
three-dimensional and can be parametrized by θ1 , θ̇1 and θ̇2 , since θ1 =θ2 at impacts.
Thus, the Poincaré map linearization has three eigenvalues, whose maximal absolute
value is 0.71 < 1, which indicates that this periodic solution is locally asymptotically
stable. Animation of this gait of passive walking can be found in the supplementary
material [87]. Note that during a step while the swing leg passes the stance leg, there
is an additional point of collision with the ground where θ1 =θ2 . This collision, which
is called “scuﬃng”, is ignored in our analysis, following the approach of [48] and [29].
Physical realizations of passive bipedal walking must provide some technical solutions
for foot clearance in order to overcome this scuﬃng, as discussed in [48].
Next, we compute the ratio of tangential-to-normal contact forces at the stance
foot. This ratio σ(t) along the periodic solution is shown in Figure 4.1(c). The plot
indicates that the minimal value of friction coeﬃcient required to enforce contact
sticking is µc = 0.175. The ratio σ̃ of the tangential-to-normal impulse at the impact
is marked as ’×’ at the right end of the plot, and its value is given by |σ̃|=0.145 < µc .
This indicates that as long as µ ≥ µc , the contact maintains sticking at the impact as
well.
4.2. Passive CB – Stick-slip dynamics. Next, we numerically study the eﬀect
of reducing the friction coeﬃcient µ below the critical value µc on existence and
stability of periodic solutions with slippage. Two types of periodic gaits have been
found. Gait B involves sticking impact followed by immediate transition to forward
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Fig. 5.1. (a) The actuated compass biped on a horizontal plane. (b) Actuation torques τi (t)
along the open-loop Gait I under sticking contact. (c) Actuation torques τi (t) along the open-loop
Gait II with slipping impact. Straight horizontal lines are mean values. Dashed lines denote slippage.

slippage and then transitions to sticking contact and to backward slippage. Gait C
involves slipping impact and then a slip → stick transition. Interestingly, these two
gaits are co-existing solutions under diﬀerent initial conditions for the same value of
µ. As an example, Figure 4.2(a) plots the trajectories of θ1 and θ2 along these two
periodic solutions in (θi , θ̇i )-plane for µ=0.14, where dashed curves denote motion
under contact slippage while the solid curves denote motion under sticking contact.
Animation of these gaits can also be found in the supplementary material [87]. Note
that the Poincaré sections of Gaits B and C diﬀer in their dimensionality, since Gait
C is characterized by the nonzero post-impact slippage velocity ẋ in addition to θ̇1 , θ̇2
and θ1 . Thus, the number of eigenvalues of the Poincaré map linearization is 3 for
Gaits A and B and 4 for Gait C. Figure 4.2(b) plots the changes in the maximal
eigenvalue magnitude λmax for each gait type as a function of µ. It can be seen
that Gait B loses stability at µ ≈ 0.11 where λmax crosses unity, and that Gait C
is unstable for all µ. Moreover, even for for µ > µc where the stable no-slip Gait A
exists, the unstable Gait C with slippage also co-exists for diﬀerent initial conditions.
Regions of attractions of the stable Gaits A and B of the compass biped were not
analyzed in this work. The reasons are the higher dimensionality of the system’s state
space which requires extensive numerical computation, as well as the impossibility
of simple visualization of these regions which is needed in order to obtain physical
intuition and insights. Finally, in our numerical simulations we did not ﬁnd any
periodic solution that always slips as in Type D solution of the RW model.
5. Actuated walking of the compass biped. In this section, we analyze the
dynamics of the compass biped walking on a horizontal plane instead of an inclined
plane as in the previous section, while gravity power is replaced by actuation torques
– τ1 at the ankle joint (i.e. the stance foot’s contact point) and τ2 at the hip joint,
see Figure 5.1(a). The expressions for M(q), B(q, q̇), G(q), etc. in the equations of
motion (2) of the actuated compass biped are identical to those of the passive model
in (27), where α=0 is substituted into G(q) due to the horizontal plane. The terms
of control torques in (2) are given by
[

1 0
E=
1 1

0
0

0
0

]T

[ ]
τ
, u= 1 .
τ2

(28)

We study both open-loop and closed loop control of the joint torques, and compare
between gaits with sticking and slipping impacts under open-loop and closed-loop
control. In particular, we compute the energetic cost of walking, which was studied in
[16]. The specific cost of a walking gait is the nondimensional quantity that measures
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energy expenditure per walking distance, which is deﬁned in [16, 26] as
cmt

W
1
=
=
mgS
mgS

∫

T

Eu(t) · q̇(t)dt,

(29)

0

where T is the time period of one step, W is the total mechanical work expended
by the actuators during a full period, S is the distance traveled in one step, and
mg is the robot’s weight. For passive walking on a slope, an alternative deﬁnition
for cmt is proposed in [26], but it depends solely on the slope angle and not on the
gait kinematics, and thus it is not considered here. On the other hand, for actuated
walking cmt depends also on the gait kinematics, and thus it can be used for comparing
the energetic eﬃciency of diﬀerent gaits. An additional measure used for comparing
diﬀerent gaits is the average speed, which is deﬁned as v̄ = S/T .
First, two open-loop gaits with constant actuation torques are introduced, which
are based on “inverse-dynamics” computed torques (cf. [52]) under prescribed gait
kinematics, as follows. Choosing a given periodic trajectory of the robot q(t), it can
be directly substituted into the dynamic equations of motion (2) in order to extract
the torques τi (t) which are required for generation of the chosen gait. Motivated by
idea from [16], the ﬁrst chosen reference trajectory q(t) is a no-slip periodic solution
of type Gait A of the passive compass biped on a slope, which is shown in Figure
4.1(b). Substituting q(t) and its derivatives into (2) on a horizontal plane (α = 0),
one obtains the torque proﬁles τ1 (t), τ2 (t) which are plotted in 5.1(b). Since the
torques are nearly constant during the entire motion, they can be approximated by
constant values. Gait I is thus deﬁned by the application of constant actuation torques
τ1 = − 2.73 and τ2 =0.54, in open loop. (It is assumed that the controller is capable
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1

of detecting which foot is currently in contact, and applies the ankle torque τ1 at
that foot). The second actuated gait is generated in a similar way, where the chosen
reference trajectory is Gait C of the passive compass biped on a slope, which involves
slipping impact. This gait is plotted in Figure 4.2(a). Substituting q(t) and its
derivatives into (2) for α = 0 and µ = 0.2 results in the torque proﬁles τ1 (t), τ2 (t)
which are plotted in 5.1(c), where dashed lines denote slippage. Despite the larger
variances of the torques, they are still approximated as constants by choosing their
mean values, shown as straight horizontal lines. Gait II is thus deﬁned by applying
the constant torques τ1 = − 0.69 and τ2 =0.12 in open loop. Finally, Gait III which
involves closed-loop control is generated by choosing a reference trajectory for the
joint angles only, denoted by θr1 (t) and θr2 (t), which are taken from the passive Gait
C with slipping impact in Figure 4.2(a). In order to track this kinematic trajectory,
the actuation torques are then determined by a PD feedback law with phase resetting
[4, 53] as:
r

τi = −kp (θi − θri (ϕ)) − kd (θ̇i − θ̇i (ϕ)),

(30)

where kp , kd > 0 are feedback gains and ϕ is the phase of the gait with respect to
the time of the last impact ϕ=t − tc . It is assumed here that the robot can detect
the impact event and then immediately ”reset” the time ϕ of the reference trajectory.
The values of the control gains were tuned by hand as kp =kd =15.
For each of the three gaits, the friction coeﬃcient was varied within the range
µ ∈ [0.09, 0.2], and periodic solutions were numerically found under the chosen control
torques. Figure 5.2(a) plots the maximal linearization eigenvalue λmax of each periodic
solution as a function of µ. It can be seen that Gait I is stable for µ > 0.11 and loses
stability when µ is decreased below 0.11. Gait II with slipping impact is always
unstable, whereas the feedback-controlled Gait III is strongly stable with λmax < 0.5
for all µ. The average speeds v̄ for each gait are plotted as a function of µ in Figure
5.2(b). It can be seen that Gaits II and III with slipping impact are signiﬁcantly slower
than Gait I with sticking impact, where the main reason is the diﬀerence in the step
length S between the two gaits. (This diﬀerence can clearly be seen by comparing
the angles at impact θ1 =θ2 of the two reference trajectories of passive Gaits B and C
in Figure 4.2(a): 8◦ for Gait B with sticking impact and 4◦ for Gait C with slipping
impact).
The speciﬁc cost of walking cmt deﬁned in (29) is plotted as a function of µ for each
gait. Remarkably, it can be seen that Gait II with slipping impact has speciﬁc cost cmt
which is approximately 4-fold smaller than that of Gait I with sticking impact. The
explanation for this striking diﬀerence lies in the fact that even though the friction
force dissipates energy during continuous-time slippage, the energy loss due to slipping
impact turns out to be signiﬁcantly smaller than the loss due to sticking impact. As
a particular example, under friction coeﬃcient µ=0.2 > µc , the energy loss due to
sticking impact in Gait I is 0.806J. Since there is no dissipation due to slippage
during the step, this is precisely the total work of the actuators W . On the other
hand, in Gait II the energy dissipation due to foot slippage during the step is 0.078J,
but the energy loss at the slipping impact is only as small as 0.022J, so that the total
work expended by the actuators is W =0.1, which is 8 times smaller than that of Gait
I. This ratio is mitigated by the fact that the step length of Gait II is twice shorter
than that of Gait I (0.23m vs. 0.47m), so that the speciﬁc cost cmt of Gait II is 3.86
smaller than that of Gait II for µ=0.2 (0.0044 vs. 0.017).
The plots in Figure 5.2 indicate that the feedback law in Gait III stabilizes the
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open-loop unstable Gait II while its cost of transport cmt is only slightly increased.
This demonstrates that the energetic advantage of gaits with slipping impact can be
exploited while stability is guaranteed via feedback. Of course, the fast convergence
from initial perturbations comes at a price of large control torques in the transient
phase. This is demonstrated in Figure 5.2(d), where the control torques τi (t) under
initial perturbation in the angles as θ1 (0)=θ2 (0)=θ∗ + 2◦ , are plotted in dash-dotted
line, overlayed on the steady-state torques (solid lines). Note that under this initial
error the step duration until ﬁrst impact is longer than the steady-state period, and
that convergence to the periodic solution is achieved after few steps (not shown in the
plot). Importantly, Gait III exists under the same control law and reference trajectory
for a wide range of the friction coeﬃcient µ , including also µ > µc . That is, this control
law is robust with respect to changes in µ, and enforces foot slippage even for large
friction for which a contact-sticking gait co-exists. The main disadvantage of this
gait compared to Gait I is the decrease in the average speed and step length. Several
numerical attempts to improve v̄ by changing the reference trajectory of θri (t) were
successful, but resulted in signiﬁcant increase in the speciﬁc cost cmt due to deviation
of the resulting periodic trajectory from that of the passive Gait C. This ﬁnding is
in agreement with the claim in [16] that kinematic trajectories taken from passive
dynamics are, in some sense, “energetically economical”.
6. Concluding discussion. In this paper, we investigated simple and low dimensional models of dynamic bipedal walking under possible foot slippage. We have
found stable and unstable periodic solutions with stick-slip transitions for passive
walking of the rimless wheel and the compass biped models. Co-existence of solutions
with sticking and slipping impact has been revealed, and the region of attraction
of stable solutions has been found numerically for the rimless wheel model for both
unbounded and ﬁnite friction, while accounting for the critical requirement of maintaining positive normal contact force, which was not considered in [14]. It has been
found that accounting for slippage signiﬁcantly enlarges the region of attraction of
periodic solutions of the rimless wheel, even though the convergence rate is decreased
(larger linearization eigenvalues). For the actuated compass biped on a horizontal
plane, we have found periodic gaits with sticking and slipping impact based on their
respective kinematic trajectories of passive dynamics, under open-loop control of constant torques. Then, we have shown that a PD control law with phase reset can
stabilize the (open-loop unstable) periodic gait with slipping impact, yielding decrease in the average speed and signiﬁcant improvement in the energetic eﬃciency.
The performance of this control law is remarkably robust with respect to changes in
the friction coeﬃcient, and enforces foot slippage even for large friction. The values of
the gains for the control law were chosen arbitrarily after a very short session of trial
and error, without any attempt for optimization. The feedback control law presented
in the paper was a very simple one and its only goal was to illustrate that the unstable
open-loop gait can be easily stabilized via feedback while maintaining its energetic
economy properties. Deeper analysis of tuning the control parameters or choosing
more sophisticated control laws for improved performance are beyond the scope of
this paper.
We now brieﬂy discuss limitations of our results and propose possible directions
for future extensions of the research. First, in our work we did not distinguish between
static and dynamic friction. Incorporation of more detailed models of friction forces
might yield more physically realistic results, at the price of signiﬁcant complication of
the hybrid system governing the system’s dynamics. Second, our work only consid21

ered parameter values for which the dynamic solution was unique and consistent, and
did not account for friction-related inconsistency problems associated with Painlevé’s
paradox [47, 59], as well as the related scenario of dynamic jamming [57] where the
frictional contact force grows unbounded in ﬁnite time. Preliminary numerical checks
indicate that these problems may indeed arise in passive walking of the rimless wheel
and compass biped models, and detailed characterization is currently under investigation [54]. Third, it is proposed to extend the work in order to study the eﬀect of foot
slippage in detailed models of realistic legged robots with more degrees of freedom
and possibly more than two legs. In such cases, the analysis and parametric study
will necessarily be only numeric.
The present work only considered the dynamics and contact interaction for models
which are composed of rigid bodies. However, it has been argued that in legged animal
locomotion, structural elasticity has a key contribution to the dynamical behavior
[37]. Inspired by this observation, two simple low-order models of biological DLL
has been proposed in the literature — the spring loaded inverted pendulum (SLIP)
which models humans and large mammals in sagittal plane [8], and the lateral leg
spring (LLS) which models sprawled insects in horizontal plane [66]. An intriguing
open problem is incorporation of stick-slip contact transitions into these two models
and analyzing the inﬂuence of foot slippage on the dynamics. Preliminary steps in
this challenging direction have already been made in the works [67] and [85]. Finally,
in the longer term this work might also pave the way towards better understanding
of rapid locomotion of large mammalian herd animals. In this regime of scale and
speeds, the load of limbs becomes so large that a single high-speed misstep could
lead to bone breakage and severely reduced chances of survival [22]. Recent work
found large variation in the duration of the slip phase in galloping horses [72]. It
is possible that horses adapt their gaits to impose slippage not only for improving
energetic eﬃciency, but also as a mechanism for safely dissipating excess momentum,
in order to maintain feasible ground forces at their limbs and avoid potential injury.
In conclusion, the inﬂuence of foot slippage on dynamic legged locomotion is far
from being completely understood, but the present work showed an initial glimpse
into this challenging problem, and will hopefully motivate further investigation.
Appendix A. Detailed formulation of the dynamic equations.
A.1. Continuous-time dynamic equations. The dynamic equations of motion for the system are derived as follows. Let T (q, q̇) be the total kinetic energy of
the robot, and let V(q) be the robot’s gravitational potential energy. The equations
of motion are then formulated by using standard derivation of constrained EulerLagrange’s equations (cf. [52]) which result in equation (2), where
((
[
)T )]
(
)T
(
)T
∂2T
∂T
∂T
∂V
∂
M(q) =
q̇ −
, and G(q) =
.
, B(q, q̇) =
∂q
∂ q̇
∂q
∂q
∂ q̇2
Under sticking contact, the constraint W(q) = 0 has to be satisﬁed along with equation (2). In order to compute the contact force f one has to diﬀerentiate this constraint
with respect to time, which yields Wq̈ + Ẇq̇ = 0. Substituting the expression for q̈
from (2) then gives the contact force under sticking contact, which is given by
)−1 (
)
(
WM−1 (B + G − Eu) − Ẇq̇ ,
(31)
f stick (q, q̇, u) = WM−1 WT
where the dependence in q and q̇ in the right hand side of (31) is suppressed for
brevity.
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When the expression in (31) does not satisfy the inequality (3) of Coulomb’s
friction law, the contact begins to slip, i.e. vt ̸= 0, and the contact force satisﬁes
ft = −sgn(vt )µfn . This can also be written in matrix form as
(
)
−sgn(vt )µ
f = Γfn , where Γ =
.
(32)
1
The contact force f under slippage cannot be computed as in (31), since the constraint
W(q) = 0 is not satisﬁed. Instead, one has to diﬀerentiate the single constraint on
normal velocity wn (q)T q̇ = 0 with respect to time and substitute the expression for
q̈ from (2) in order to obtain the force as
(
)−1 (
)
wTn M−1 (B + G − Eu) − ẇn q̇ .
f slip (q, q̇, u) = Γ wTn M−1 WT Γ

(33)

Contact slippage is maintained as long as vt = wt (q)q̇ ̸= 0. When vt vanishes,
a transition to sticking contact occurs if the contact force f in (31) satisﬁes (3).
Otherwise, slip reversal occurs and vt reverses its sign.
Using the state vector x = (x1 , x2 ) = (q, q̇) ∈ R2N , the state equation of the
system is given by
(
)
x2
ẋ = F(x, u) =
,
(34)
M−1 (B + G − Eu + WT f )
where the contact force f in (34) is conditionally determined by (31), (3) and (33),
as

 f stick (q, q̇, u)
wt (q) · q̇ = 0 and |ft | ≤ µfn
f (q, q̇, u) =
(35)
 f (q, q̇, u)
otherwise
slip
Therefore, the vector ﬁeld F(x, u) in (34) is piecewise-continuous.
A.2. Impact law. Explicit formulation of the impact law is obtained as follows.
Let ṽ = r̃˙ denote the velocity of the swing foot, where its tangential and normal
components ṽt , ṽn depend on q and q̇ according to
(
) (
)
dr̃
ṽt
w̃t (q)T
ṽ =
=
q̇ = W̃(q)q̇, where W̃(q) =
.
(36)
ṽn
w̃n (q)T
dq
Substituting relations (4) and (36) into the constraint ṽ(t+
c ) = 0 which stems from
assuming a perfectly plastic collision, the contact impulse F̃ can be obtained as
(
)
T −1
F̃stick = − W̃c M−1
W̃
W̃c q̇−
(37)
c
c
c .
Substituting (37) into (4) then gives a linear relation between the pre-impact and
post-impact velocities as
(
)
T
T −1
−
−1
−1
(38)
=
I
−
M
W̃
(
W̃
M
W̃
)
W̃
q̇−
q̇+
c
c
c = β stick (qc )q̇c
c
c
c
c
c
where I is the N × N identity matrix. The impact law in (38) can be maintained
only if the impulse F̃ satisﬁes the frictional inequality (5). When (5) is not satisﬁed,
slippage must occur, so that ṽt (t+
c ) ̸= 0. In that case, it is assumed that the tangential
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impulse attains its maximal allowed magnitude F̃t = sµF̃n , where s = −sgn(ṽt (t−
c )).
In order to compute the normal impulse F̃n , one has to substitute the no-rebound
requirement ṽn (t+
c ) = 0 into (4) in order to obtain the contact impulse F̃ at slipping
impact, which is given by
(
)
(
)−1
T
1
T −
F̃slip = Γ̃F̃n = −Γ̃ w̃n (qc )T M−1
W̃
Γ̃
w̃
(q
)
q̇
,
where
Γ̃
=
. (39)
n c
c
c
c
sµ
Substituting (39) into (4) then gives a linear relation between the pre-impact and
post-impact velocities as
(
)
(
)−1
T
T
−
−1
−1
T
T
=
I
−
M
W̃
w̃
(q
)
q̇+
Γ̃
w̃
(q
)
M
W̃
Γ̃
q̇−
n c
n c
c
c
c
c
c = β slip (qc )q̇c .
c
(40)
The laws of sticking impact (38) and slipping impact (40) can be now combined into a
single impact law as q̇+ = β (qc )q̇− , where β (qc ) is conditionally deﬁned as β stick (qc )
if inequality (5) is satisﬁed, and as β slip (qc ) otherwise. This impact law is equivalent
to Chatterjee’s algebraic impact law given in [12] under zero restitution in both normal
and tangential directions (i.e. e = et = 0 in the terminology of [12]). This impact
law accounts for friction limitations and thus may result in post-impact slippage, but
it cannot predict slip reversal, unlike Routh’s method [81]. Additional impact laws
can be found in [10, 61, 76]. Note that all impact laws in the literature on legged
robots, including the one considered here, assume that impulsive force acts only at
the colliding foot and not on the foot that is already in contact. Generalized impact
laws that involve multiple contacts can be found in [10, 61].
A.3. Dynamics of the rimless wheel under slippage. For the rimless wheel
with coordinates q = (x, y, θ), the kinetic and potential energies are given by
T (q, q̇) = 12 m(ẋ2 + ẏ 2 + 2ẋθ̇l cos θ + 2ẏ θ̇l sin θ) + 12 (Ic + ml2 )θ̇

2

V(q) = mg(y cos α − x sin α + l cos(α + θ)).

(41)

The equations of motion can then be derived in the form (2), where all the expressions
are given in (11). The equations of motion under sticking contact are detailed in part
3.2. The equations of motion under contact slippage are given below. Since the
constraint ẋ=0 no longer holds during slippage, the contact force is determined by
(33). Substituting the expressions in (11) into the equation of motion (2) and the
expressions for the contact force in (33), one obtains the equations of motion as
(
)
sgn (ẋ) µfn cos θ + m sin θ g cos α − lθ̇2 cos θ
(
)
θ̈ =
ml sin2 θ + κ
lm sin θ (1 + κ) θ̇2 − sgn (ẋ) µfn (1 + κ) + gm (κ sin α − cos(α + θ) sin θ)
(
)
m sin2 θ + κ
)
(
κm g cos α − l cos θ · θ̇2
fn =
sin θ(sgn(ẋ)µ cos θ + sin θ) + κ
ẍ =

(42)

When the slippage velocity ẋ(t) vanishes, the dynamics switches back to the contact
sticking dynamics (12), as long as the contact force satisﬁes |σ(θ, θ̇)| ≤ µ. When the
latter inequality is violated, the solution switches back to the slippage dynamics (42).
The process described above is known as stick-slip transitions.
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Since impact may occur with nonzero slippage velocity ẋ− ̸= 0, the impact law in
(14) must be extended to account for the inﬂuence of ẋ− . Assuming sticking contact
at the post-impact state, the impact law is obtained from (38) and (11) as
(
) (
)( − )
ẋ
ẋ+
0
0
=
where ϕ = π/n.
(43)
+
−
cos ϕ
β
θ̇
θ̇
l(1+κ)
This sticking impact law, which reduces to (14) for ẋ− =0, holds as long as the contact
impulse satisﬁes the friction constraint (5). For the RW model, this inequality is given
by
−

|(κ + sin2 ϕ)ẋ− + (sin ϕ sin 2ϕ)lθ̇ |
(
) ≤µ
−
sin ϕ cos ϕẋ− + (κ + cos2 ϕ)lθ̇

(44)

When inequality (44) is not satisﬁed, slipping impact occurs. Using (11) and (40),
the slipping impact law is given by


2l sin 2ϕ(sµ cos ϕ − sin ϕ) + 2sµκ sin ϕ
(
)
(
)
+
−
1
ẋ
ẋ


cos 2ϕ + sµ sin 2ϕ − 1 − 2κ
=
.
(45)
+
−

4κ
θ̇
θ̇
0
−
−1
cos 2ϕ + sµ sin 2ϕ − 1 − 2κ
Appendix B. Proof of zero normal force in the RW model. According to
equations (19) and (13), the normal force fn along a solution of the RW with initial
conditions θ(0) = − πn and θ̇(0) = θ̇0 is
)
)
2
mg ((
(46)
fn (θ) =
3 cos(α + θ) − θ̇0 − 2 cos(α − nπ ) cos θ + κ cos α
1+κ
)
(
where α ∈ 0, π2 , κ ∈ [0, 1], n ∈ {4, 5, 6, ...}, and θ varies within the interval In =
[− nπ , πn ]. Normalizing the force units so that mg = 3(1 + κ), one obtains
(
) 1
κ
fn = (cos(α + θ) − c) cos θ + cos α = cos(α + 2θ) − c cos θ + b, b, c > 0 (47)
3
2
(
)
2
where c = 13 (θ̇0 + 2 cos(α − nπ )) > 0 and b = 12 + κ3 cos α. One can see that
fn decreases monotonically upon increasing θ̇0 . We assume that along the periodic
∗
solution θ̇0 = θ̇ the normal force is non-negative, i.e. fn (θ) ≥ 0 for all θ ∈ In .
Our goal is to prove that if the minimum of fn (θ) within In is zero, then it must be
attained at the upper endpoint θ = nπ . We present two proofs, where each proof holds
under diﬀerent assumptions on the parameters.
B.1. Proof 1. First, we assume that there exist suﬃciently small value of c =
c∗ > 0 for which fn (θ) > 0 for all θ ∈ In . (Otherwise, no periodic solution of the RW
exists that maintains contact). Thus, let cmin > c∗ denote the minimal value of c for
which fn (θ) = 0 for some θ ∈ In . Therefore, any c ≤ cmin satisﬁes
c cos θ ≤

1
1
cos α + cos(α + 2θ) + b for all θ ∈ In .
2
2

(48)

We restrict the parameters α, κ and n by assuming that they satisfy the following
inequality, which is crucial for this proof:
−9 cos(α + 2π/n) + (3 + 2κ) cos α < 0.
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Fig. B.1. The region αmin < α < αmax and the bound α < αM AX for (a) n = 6, (b) n = 8
and (c) n = 9.

We will show later how this assumption aﬀects the generality of the proof. The ﬁrst
and second derivatives of fn (θ) are given by:
fn′ (θ) = − sin(α + 2θ) + c sin θ.

(50)

fn′′ (θ) = −2 cos(α + 2θ) + c cos θ.

(51)

Using inequality (48) then implies that any c ≤ cmin satisﬁes
3
3
fn′′ (θ) ≤ − cos(α + 2θ) + b = − cos(α + 2θ) +
2
2

(

1 κ
+
2 3

)
cos α = w(θ)

(52)

for all θ ∈ In . Note that the function w(θ) in (52) attains its maximum within In at
the endpoint θ= nπ . Using (52), the bound (49) then implies that for c = cmin one
obtains fn′′ (θ) ≤ w( nπ ) < 0 for all θ ∈ In . In that case, even if a critical point of fn (θ)
exists within In , it must be a maximum point, hence fn (θ) attains its minimum value
only at an endpoint of In . Finally, substitution of the values of fn at the endpoints
yields
(
(
π
π
1
π) 1
π)
fn (− ) − fn ( ) = cos α −
− cos α +
> 0.
n
n
2
n
2
n

(53)

This implies that the minimum of fn (θ) within In is attained at the upper endpoint
θ= nπ , which completes the proof.
Next, we study the range of parameters for which this proof is valid. For given
values of κ and n, the assumption (49) implies an upper bound α < αM AX . On the
other hand, inequalities (34) and (37) from the paper give upper and lower bounds
αmin and αmax for which the periodic solution is valid. The lower bound α > αmin
∗
must be satisﬁed in order to ensure existence of the periodic solution with θ̇0 = θ̇ ,
while the upper bound α < αmin must be satisﬁed in order to ensure positive contact
force fn (θ = nπ ) > 0. Figures B.1(a,b,c) plot the region αmin < α < αmax (shaded)
and the upper bound α = αM AX (dashed line) as a function of κ for n = 6, 8, 9
respectively. It can be seen that for n ≥ 9, the assumption (49) holds for the entire
region αmin < α < αmax . For n = 6, 7, 8 the assumption (49) holds only for part of
this region, while for n = 4, 5 the assumption (49) is not satisﬁed at all. Thus, we
conclude that this proof holds for n ≥ 9 and arbitrary κ, α.
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B.2. Proof 2. The second proof takes a slightly diﬀerent approach, and uses
an assumption on the parameters which is less restrictive than (49). First, we deﬁne
c0 = c0 (α, κ, n) as
c0 (α, κ, n) =

cos(α + 2π
n ) + 2b
> 0.
2 cos( nπ )

(54)

This deﬁnition implies that for c=c0 , one obtains fn (θ= nπ ) = 0. Setting c=c0 , We
now need to prove that the minimum of fn (θ) within In is attained at the endpoint
(θ= nπ ). Instead of using assumption (49), we assume that the parameters α, κ and n
satisfy the inequality
−2 cos(α −

2π
π
) + cos( )c0 (α, κ, n) < 0.
n
n

(55)

We will show later that this assumption, which is necessary for the proof, has a minor
eﬀect on the generality of the result. We now focus on the interval of nonnegative
angles θ ∈ I+ = [0, nπ ]. Deﬁne the series of functions
gk (θ) = −4k sin(α + 2θ) + c0 sin θ

(56)

for k = 0, 1, 2, .... It can be veriﬁed that the series gk (θ) satisﬁes gk+1 (θ) = −gk′′ (θ).
Furthermore, gk (θ) are related to the odd-order derivatives of the normal force fn (θ)
as
d2k+1
fn (θ) = (−1)k gk (θ).
dθ2k+1

(57)

In particular, for k=0 one obtains g0 (θ) = fn′ (θ). It can be proven (details omitted)
that g0 (θ= nπ ) < 0. Note that this also implies that gk (θ= nπ ) < 0 for all k. Additionally, it is easy to see that gk (0) < 0 for all k. Moreover, there exists a suﬃciently large
k ∗ which satisﬁes gk∗ (θ) < 0 for all k > k ∗ and θ ∈ I+ . This value of k ∗ is given by
(
{
})
c0 sin θ
k ∗ > log4 max
, θ ∈ I+
.
(58)
sin(α + 2θ)
Next, we prove that gk (θ) < 0 for all θ ∈ I+ and for all k, by backward induction
in k starting from k=k ∗ . Suppose that gk (θ) for some k is indeed negative for all
′′
θ ∈ I+ . This implies that gk−1
(θ) > 0 for all θ ∈ I+ . Thus, if gk−1 (θ) has a critical
point within θ ∈ I+ , it must be a minimum point. Therefore, the maximal value of
gk−1 (θ) can only be attained at one of the endpoints of I+ . Since gk−1 (0) < 0 and
gk−1 ( nπ ) < 0, we conclude that gk−1 (θ) < 0 for all θ ∈ I+ . Carrying this induction
down to k=0, the relation (57) then implies that fn′ (θ) < 0 for all θ ∈ I+ , hence fn (θ)
has no critical point within θ ∈ I+ .
Next, we focus on the interval of negative angles θ ∈ I− = [− nπ , 0]. For k =
0, 1, 2, ..., deﬁne the series of functions
hk (θ) = −2 · 4k cos(α + 2θ) + c0 cos θ.

(59)

It can be veriﬁed that the series hk (θ) satisﬁes hk+1 (θ) = −h′′k (θ). Furthermore, hk (θ)
are related to the even-order derivatives of the normal force fn (θ) as
d2k+2
fn (θ) = (−1)k hk (θ).
dθ2k+2
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(60)

In particular, for k = 0 one obtains h0 (θ) = fn′′ (θ). It can be proven (details omitted)
that h0 (0) < 0. Moreover, inequality (55) implies that h0 (− nπ ) < 0. Note that this
also implies that hk (− nπ ) < 0 and hk (0) < 0 for all k, since hk (θ) < h0 (θ) for all k > 0
and all θ ∈ I− . Moreover, there exists a suﬃciently large k ∗ which satisﬁes hk∗ (θ) < 0
for all k > k ∗ and θ ∈ I− . This value of k ∗ is given by
(
{
})
c0 cos θ
∗
k > log4 max
, θ ∈ I−
.
(61)
2 cos(α + 2θ)
Next, we prove that hk (θ) < 0 for all θ ∈ I− and for all k, by backward induction
in k starting from k=k ∗ . Suppose that hk (θ) for some k is indeed negative for all
θ ∈ I− . This implies that h′′k−1 (θ) > 0 for all θ ∈ I− . Thus, if hk−1 (θ) has a critical
point within θ ∈ I− , it must be a minimum point. Therefore, the maximal value of
hk−1 (θ) is attained at the endpoints of I− . Since hk−1 (0) < 0 and hk−1 ( πn ) < 0, we
conclude that hk−1 (θ) < 0 for all θ ∈ I− . Carrying this induction down to k = 0, the
relation (60) implies that fn′′ (θ) < 0 for all θ ∈ I− . Therefore, if fn (θ) has a critical
point within I− , it must be a maximum point.
Finally, since fn (θ) has no minimum point within I− and no critical point within
I+ , one concludes that its minimum within In is attained only at the endpoints
θ = ± nπ . Using (53) , it can be shown that the minimum is attained at the upper
endpoint θ= nπ , which completes the proof.
We now study the range of parameters for which this proof is valid. For given
values of κ and n, the assumption (55) implies a lower bound α > αM IN . On the
other hand, inequalities (34) and (37) from the paper impose upper and lower bounds
αmin < α < αmax for which the periodic solution is valid. Figures B.2(a,b,c) plot the
region αmin < α < αmax (shaded) and the lower bound α = αM IN (dashed line) as a
function of κ for n = 4, 5, 6 respectively. It can be seen that for n ≥ 6, the assumption
(55) holds for the entire region αmin < α < αmax . For n = 4, 5 the assumption (55)
holds almost everywhere, except for a very small part of this region. Furthermore,
numerical checks show that even in these small regions where (55) is not satisﬁed, the
statement is still true and fn (θ) attains its minimum at the upper endpoint of In and
has a maximum point within I− despite the fact that fn′′ (− nπ ) > 0, since fn′′ < 0 at
the critical point where fn′ = 0. As an example, Figure B.2(d,e,f) plots fn (θ), fn′ (θ)
andfn′′ (θ), respectively, for c = c0 and parameter values of n = 4, κ = 1 and α = 16◦ ,
for which (55) is not satisﬁed.
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