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Abstract Quasistatic legged locomotion over uneven terrains requires characterization
of the mechanism’s feasible equilibrium postures. This paper characterizes the feasible equilibrium postures of mechanisms supported by three frictional point contacts in a three-dimensional
gravitational environment, for a subclass of contact arrangements, called tame, for which
the friction cones lie above the plane spanned by the contacts. The kinematic structure of
the mechanism is lumped into a single rigid body B having the same contacts with the environment and a variable center of mass. The equilibrium postures associated with a given
set of contacts become the center-of-mass locations of B that maintain a feasible equilibrium
with respect to gravity. The paper establishes the relations between the feasible equilibrium
region and the classical support polygon principle. For tame 3-contact arrangements, the
paper identifies and characterizes geometrically three types of boundary curves of the feasible
equilibrium region, where two of them are obtained is closed-from, and the third is given
implicitly as a solution of a set of nonlinear equations, which can be traced numerically. The
three types of boundary curves are then associated with the onset of three different modes of
non-static contact motions. Finally, the paper reports on experimental results that verify the
theoretical predictions by using a 3-legged prototype.
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Introduction

Multi-legged robots performing quasistatic locomotion are becoming progressively more sophisticated. Developers of legged robots strive to achieve stable locomotion on uneven terrains such as staircases [20], traverse rough and hazardous terrain [1, 50], perform complex
posture changes [60], climb along vertical pipes [38] or walls [7], and assist humans during
planetary exploration [22, 57]. During quasistatic locomotion the mechanism moves through
a continuum of equilibrium postures where it supports itself against gravity while moving
its free limbs to new positions [3, 15, 28]. In order to achieve autonomous locomotion and
explicit motion planning over uneven terrains [9, 24], one needs basic tools for characterizing
postures that can passively support the mechanism against gravity. Under the assumption
that the mechanism is supported by point contacts with Coulomb friction, three is the minimum number of supports that allow quasistatic locomotion over general uneven terrains
in three dimensions. This paper focuses on 3-legged frictional equilibrium postures in a
three-dimensional gravitational environment.
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In order to characterize the feasible equilibrium postures, we first lump the complex
kinematic structure of the mechanism into a single rigid body B having the same contacts
with the environment and a variable center of mass. The feasible equilibrium postures
associated with a given set of contacts correspond to center-of-mass locations that guarantee
existence of contact reaction forces resulting in static equilibrium of B. Under this reduction,
our objective is as follows. Given a 3-contact arrangement of B, we wish to identify the exact
feasible equilibrium region, defined as all center-of-mass locations of B at which the contact
forces can balance the gravitational wrench (i.e. force and torque) acting at B’s center of
mass. It is important to note here that this notion only gives a necessary condition for
static equilibrium, since the existence of a static equilibrium solution for the rigid body does
not necessarily imply that it will occur physically for the legged robot, which has to satisfy
additional constraints, such as joint torque limitations [11]. Moreover, existence of static
equilibrium must be augmented by analysis of the dynamics of the robot under contacts,
which is beyond the scope of this paper. A brief discussion on these extensions appears in
the concluding section.
Relationship to prior work.
Static equilibrium postures (also termed static stability)
received considerable attention in the early multi-legged locomotion literature [29, 34]. More
recent papers discuss static stability of postures in the humanoid robots literature [20, 60].
When considering static stability of legged robots, a leading concept is the support polygon
principle [34, 35]. It states that on a flat horizontal terrain, the mechanism’s center-of
mass must lie in the right prism whose cross section is the convex polygon spanned by the
contacts. This principle was extended for dynamic motion synthesis of legged robots [23, 53]
with the concept of zero moment point (ZMP) [54, 59], which states that in order to maintain
contact during dynamic motion of the robot, the net wrench generated by gravitational and
inertial forces must be a force having a line of action whose intersection point with the
terrain lies within the support polygon. However, both the support polygon and the ZMP
principles apply only to flat horizontal terrains, although extension of the ZMP principle
to uneven terrains is under investigation [37, 47]. In the context of uneven terrains, the
center-of-mass equilibrium region was characterized for frictionless terrain in [32], and is
characterized for frictional contacts in planar environments in [42]. The latter paper also
contains a preliminary result that the feasible equilibrium region in three-dimensions is an
infinite right cylinder (i.e. a collection of infinite vertical lines) with a convex cross-section.
One expects that the grasping literature would provide valuable insights for the problem discussed in this paper. However, typical grasping systems differ from multi-legged
mechanisms in three fundamental ways. First, the condition of force closure in grasping
systems captures the fingers’ ability to resist any external wrench acting on the grasped
object [25, 39, 58]. In contrast, multi-legged mechanisms typically establish postures which
are not in force closure, where the contact forces can only balance a subspace of external
wrenches [21]. Second, grasping systems typically assume full control of the contact forces
[13, 51], whereas in our case the contact forces are generated passively, and no active force
control is assumed. In that sense, the postures considered here are most closely related to
passive whole arm manipulation1 [36, 40, 46] and fixturing applications [55, 61]. Third, in
grasping applications the grasped object is typically an immobile rigid body or a passive
1

In this application an object is manipulated by one or more articulated mechanisms which are allowed
to establish multiple mid-link contacts with the manipulated object [2].
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kinematic chain [8]. In contrast, a multi-legged mechanism can move its center-of-mass
position and thus control the gravitational wrench. This situation is analogous to applications of quasistatic manipulation, where an object is actively pushed by multiple frictional
contacts [12, 27], and its center-of-mass is moved in a way that ensures balancing of the
gravitational wrench.
The grasping literature provides two computational approaches relevant to the problem considered here. The first approach approximates the quadratic friction cones in 3D
by polyhedral cones [48], while the second approach formulates the frictional equilibrium
constraints as a linear matrix inequality (LMI) problem [17]. In the context of quasistatic
locomotion, computing the center-of-mass feasible equilibrium region then reduces to finding
the projection of a high-dimensional convex cone to a two-dimensional plane [6]. Since the
exact computation of this projection is highly complicated, Bretl and Lall [5, 6] proposed
two methods for computating polygonal outer and inner approximations of this projection
which are refined iteratively. In [5], they use polyhedral approximations of the friction cones
to compute these polygons by solving a series of linear programs. In [6], they solve a series of convex optimization problems that account for the exact frictional constraints. These
works were recently utilized in [4, 19] for development of motion planning algorithms for quasistatic legged locomotion, based on probabilistic roadmaps that sample discrete points of the
robot’s high-dimensional configuration space. However, even though [5] and [6] provide efficient procedures for computing the feasible equilibrium region for multiple frictional contacts
on general uneven terrain, they do not provide any geometric or physical characterization
of the boundary of this region. Focusing on a generic subclass of 3-contact arrangements,
this paper complements these computational approaches with an analytic characterization
of three different parts of the boundary, as well their association to the onset of different
modes of non-static contact motion.
The paper makes the following contributions. First, it relates the feasible equilibrium region with the classical support polygon principle. The main result is identification a generic
subclass of 3-contact arrangements called tame, and showing that for tame 3-contact arrangements, the feasible equilibrium region is bounded by the right prism spanned by the
support polygon. Second, the paper provides a geometric and analytic characterization of the
boundary of the feasible equilibrium region associated with tame 3-contact arrangements.
The main result here is that the boundary curves are of three types, where two of them
are linear segments which are obtained in a closed form, and the third is a highly nonlinear
curve which is given implicitly as a solution of a set of nonlinear equations. Third, the paper
provides physical insight into the boundary of the feasible equilibrium region by associating
each type of boundary curve with the onset of a different mode of non-static motion at the
contacts. Last, the paper uses a 3-legged prototype in order to experimentally verify the
feasible equilibrium region and the onset of non-static motions associated with the three
types of its boundary curves.
The structure of the paper is as follows. The next section introduces the terminology,
defines the feasible equilibrium region, denoted R, and reviews some of its basic properties.
Section 3 defines the notion of tame 3-contact arrangements and relates the classical support polygon to the region R for these contact arrangements. Section 4 contains the main
contribution of the paper—a geometric and analytic characterization of the three types of
curves on the boundary of R, and their association with different non-static contact modes.
Section 5 present experimental verification of R. The closing section discusses the feasible
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unit vectors such that {si , ti , ni } is a right-handed orthonormal frame
coefficient of static friction
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denotes the boundary of a set
denotes the interior of a set
a rigid body representing the legged mechanism
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unit vector in the upward vertical direction
gravitational force, directed along −e
matrix of projection onto horizontal plane
horizontal projections of xi , fi , Ci , x, R
a plane that passes through x1 , x2 and x3
a unit vector normal to ∆
Table 1: Glossary of terms

equilibrium region associated with a higher number of contacts, as well as several future research directions. Finally, an appendix contains technical details and proofs of intermediate
results.
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Problem Statement

This section formulates the problem, defines the feasible equilibrium region for k-contact
arrangements and reviews some of its basic properties. For the sake of clarity, Table 1 gives
a glossary of the main terms used throughout this paper.
Let a 3D object B be supported by k frictional point contacts x1 . . . xk against gravity.
Let f1 . . . fk be the contact reaction forces. We assume hard-finger contacts which generate
negligible torque about the contact normals [30]. Let x denote the position of B’s center-ofmass, and let fg denote the gravitational force acting at x. The static equilibrium condition
of a given k-contact arrangement is
¶
µ
¶
k µ
X
fg
fi
=−
.
(1)
xi × f i
x × fg
i=1

For a given set of k ≥ 3 contacts and center-of-mass position x, the solution for f1 . . . fk in
(1) is generically a (3k−6)-dimensional affine space in IR3k. Under Coulomb’s friction model
the contact forces must additionally lie in their respective friction cones. The ith friction
cone is denoted Ci and is given by
©
ª
Ci = fi : fi · ni ≥ 0 and (fi · si )2 + (fi · ti )2 ≤ (µfi · ni )2 ,
(2)
where µ is the coefficient of friction, ni is the outward unit normal at xi , and (si , ti ) are unit
tangents at xi such that {si , ti , ni } is a right-handed orthonormal frame.
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Assuming that the coefficient of friction and the contacts arrangement are given, the feasible
equilibrium region of center-of-mass locations is defined as follows.
Definition 1. For a given arrangement of contacts {x1 . . . xk }, contact normals {n1 . . . nk },
and a coefficient of friction µ, the feasible equilibrium region, denoted R, is the region
of all possible center-of-mass locations x for which there exist contact reaction forces fi ∈ Ci
(i = 1 . . . k) satisfying the static equilibrium condition (1).
The goal of this paper is to characterize the feasible equilibrium region R for 3-contact
arrangements. As a first step, we review some basic properties of this region, which were
derived in [42].
Proposition 2.1 ([42]). Let a 3D object B be supported by k frictional contacts against
gravity in three-dimensions. If the feasible equilibrium region R is nonempty, it is a vertical
line for a single contact, a vertical strip for two contacts, and generically a three-dimensional
right cylinder with convex cross-section for k ≥ 3 contacts.
It is worth noting that for a single contact R is a vertical line passing through the contact,
and for two contacts it is a vertical strip in the plane passing through the contacts. For k ≥ 3
contacts, a special case occurs when all contacts are aligned along a common spatial line.
In this non-generic case R degenerates to a two-dimensional vertical strip embedded in the
vertical plane passing through the contacts. Based on the proposition, the computation of
e in IR2 . Since k = 3 is the
R requires computation of its horizontal cross-section, denoted R,
smallest number of contacts for which R is fully three-dimensional, this paper focuses on the
e for 3-contact arrangements. The concluding section discusses extension
computation of R
to higher number of contacts.
Finally, we review a result from [42], which gives a simple geometric procedure for
constructing the feasible equilibrium region for two frictional contacts in two dimensions.
This result will prove useful in the ensuing analysis, since cases involving only two nonzero
contact forces in 3D will require consideration of planar subproblems. In two dimensions,
the reaction force at a contact xi must lie within a friction cone which is a planar sector.
Let Ci denote the ith planar friction cone, emanating from the contact xi in IR2 . Let Ci−
denote the negative reflection of Ci about xi (i.e. having negative normal component along
ni ). For simplicity, we assume that the friction cones are upward pointing, in the sense that
fi · e > 0 for all fi ∈ Ci , i = 1, 2. For a given two-contact arrangement, let Π++ denote the
infinite vertical strip spanned by the polygon C1 ∩ C2 . Similarly, let Π+− , Π−+ , Π−− denote
the infinite vertical strips spanned by the polygons C1 ∩ C2− , C1− ∩ C2 , and C1− ∩ C2− . Note
that some of these polygons and their associated strips may be empty. Finally, let Π denote
the infinite vertical strip bounded by the contacts x1 and x2 . The following proposition uses
the notation defined above to give a concrete formula for the feasible equilibrium region
associated with two frictional upward pointing contacts in two-dimensions.
Proposition 2.2 ([42]). Let B be supported by two frictional upward pointing contacts in
a two-dimensional gravitational field. Then the feasible equilibrium region R is the infinite
vertical strip given by
¡
¢ ¡
¢
R = (Π++ ∪ Π−− ) ∩ Π ∪ (Π+− ∪ Π−+ ) ∩ Π ,
(3)
where Π is the complement of Π in IR2.
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Figure 1: (a) A non-tame 3-contact arrangement, and (b) its projection onto yz plane.
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Relation of R to Support Polygon

The classical support polygon principle (known as the tripod rule in 3-legged postures) is a
simple criterion that determines
the feasible
equilibrium region on flat horizontal terrains
·
¸
0 −1 0
[34], as follows. Define E = 1 0 0 , which is a matrix that projects vectors in IR3 onto
their horizontal components in IR2 . Let x̃i = Exi denote the horizontal projection of the
e is then defined as the convex polygon
ith contact point. The support polygon, deonted P,
2
e is simply a triangle. The right
spanned by {x̃1 . . . x̃k } in IR , where in the 3-contact case, P
3
e is denoted P. On general uneven terrain,
prism in IR whose horizontal cross-section is P
the feasible equilibrium region R has no obvious relation to P. This section introduces two
classes of 3-contact arrangements that satisfy the relation R ⊆ P or P ⊆ R. Focusing on
contact arrangements satisfying R ⊆ P, we discuss a motivational example showing how R
shrinks within P as the coefficient of friction decreases.
Let e = (0 0 1) denote the upward vertical direction. Let the base plane, denoted ∆, be
the spatial plane passing through the three contacts. Let ν denote the unit normal to ∆ such
that e · ν ≥ 0. A contact xi having a friction cone Ci is said to be quasi-flat if e ∈ Ci . For
example, in the contact arrangement of Figure 2(a) with µ = 0.7, all contacts are quasi-flat.
However, for the same contact arrangement with µ = 0.5, x3 is not quasi-flat, since the top
view in Figure 2(b), showing the horizontal projection of the friction cone C3 , reveals that
e6 ∈C3 . The following generic subclass of 3-contact arrangements will be the focus of this
paper.
Definition 2. A 3-contact arrangement is tame if any nonzero force fi ∈ Ci satisfies
fi · ν > 0 for i = 1, 2, 3.
This means that the friction cones at the contacts lie strictly in the halfspace bounded
by the base plane ∆ and containing the upward direction e. This definition captures the
requirement that ∆ would not be too steep with respect to e. An example of a tame contact
arrangement which is discussed below appears in Figure 2(a). An example of a non-tame
6

contact arrangement appears in Figure 1(a). The side view shown in Figure 1(b) reveals
that the friction cone C3 intersects the base plane ∆, thus violating the tame condition.
A primary reason for focusing on tame contact arrangements is provided by the following
proposition.
Proposition 3.1. The feasible equilibrium region R of a tame 3-contact arrangement
always lies within the right prism spanned by the support polygon, R ⊆ P. The converse
relationship, P ⊆ R, always holds when all contacts are quasi-flat.
A proof of the proposition appears in the Appendix. Note that a particular contact arrangement can be both tame and quasi-flat (e.g. on a gently undulating terrain with a sufficiently
large coefficient of friction). In such cases R = P (Figure 2(a)). The non-tame contact
arrangement of Figure 1(a) is quasi-flat. This particular contact arrangement is symmetric with respect to a vertical plane passing through x3 . The cross-section of its region R
through the symmetry plane can be computed with the methods derived in [42] for the
two-dimensional case. The cross section, depicted in Figure 1(b), shows that R exceeds the
support polygon. In contrast, for tame contact arrangements the region R always respects
the support polygon as an outer boundary. Tame contact arrangements thus provide a natural middle-ground between flat horizontal terrains and vertical climbing scenarios. The
remainder of this paper focuses on the characterization of the region R for tame 3-contact
arrangements. The following example illustrates the challenge involved in this objective.
Motivational Example: Consider the 3-contact contact arrangement depicted in Fige for
ure 2(a). The contact arrangement is tame for µ ≤ 0.7, and we now consider its region R
decreasing values of µ. Let x̃i and C̃ i denote the horizontal projection of xi and Ci . When
e = P.
e When µ = 0.5 the contacts x1 and
µ = 0.7 the contact arrangement is quasi-flat and R
e The convexity of R
e implies that the
x2 are still quasi-flat, hence x̃1 and x̃2 still lie in R.
e
e since it lies
entire line segment x̃1 –x̃2 lies in R. Moreover, x̃1 –x̃2 lies on the boundary of R,
e and R
e ⊆ P.
e However, the friction cone C3 is no longer quasi-flat, as
on the boundary of P
e and only parts of the segments x̃1 –x̃3
seen in top view in Figure 2(b). Now x̃3 lies outside R
e Each of the line segments x̃i –p̃i
and x̃2 –x̃3 , ending at p̃1 and p̃2 , lie on the boundary of R.
(i = 1, 2) is the horizontal projection of a vertical strip which is the feasible equilibrium
e has
region associated with two active contacts at x3 and xi . Note that the boundary of R
an unknown missing piece between p̃1 and p̃2 . Next consider the contact arrangement with
µ = 0.4, shown in Figure 2(c). Now C̃ 3 does not contain x̃2 , and the contacts x2 and x3
e The
alone cannot balance any gravitational load. Hence the segment x̃2 –x̃3 lies outside R.
e but there is
contacts x1 and x3 still contribute the segment x̃1 –p̃1 to the boundary of R,
an unknown missing piece between p̃1 and x̃2 . Finally, Figure 2(d) shows a top view of the
friction cones for µ = 0.2. Now only x1 is quasi-flat. Since x̃1 is still contained in C̃ 2 and
e consists of parts of the segments x̃1 –x̃2 and x̃1 –x̃3 , ending at p̃2 and
C̃ 3 , the boundary of R
p̃3 , together with an unknown piece connecting p̃2 and p̃3 . Finally, when µ = 0.1 (not shown
e lies strictly inside the support
in the figure), all three contacts are not quasi-flat, and R
polygon.
e on uneven terrains. The
The example illustrates the intricate structure of the region R
e only
example further illustrates that the support polygon provides the exact boundary of R
when the contacts are all quasi-flat. On general tame 3-contact arrangements, a consideration
e alone is unsafe, and our goal is to characterize the exact boundary of R
e for these cases.
of P
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Figure 2: (a) A 3-contact contact arrangement which is tame and quasi-flat for µ = 0.7. A
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Analytic Characterization of Equilibrium Region R

This section characterizes the boundary of the feasible equilibrium region for tame contact
e
arrangements. First, we present the main result, which states that the boundary of R
consists of three types of boundary curves and gives geometric characterization and analytic
expressions for each type. Next, we demonstrate the results via computation of the boundary
e on a graphical example. Then we associate each type of boundary curve with the onset
of R
of a different non-static contact motion. Finally, we give the proof of the main result, where
some of the technical details are relegated to the Appendix.

4.1

Main result

We now present the main result of this paper, which is a theorem that gives the full charace for tame contact arrangements.
terization of the boundary of R
Preliminaries: As a setup for the theorem, we first establish some preliminary notation
and definitions. First, observe that the static equilibrium condition (1) can be decomposed
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into three sets of equations as
a. f1 + f2 + f3 = e
b. e · (x1 × f1 + x2 × f2 + x3 × f3 ) = 0

(4)

c. E(x1 × f1 + x2 × f2 + x3 × f3 ) = E(x × e),
where the force units were scaled such that kfg k = 1. Note that x appears only in part c
in (4), which represents the horizontal components of the torque balance. Moreover, (4c)
depends only on the horizontal projection of x, defined as x̃ = Ex. It is easily shown that
given contact forces (f1 , f2 , f3 ), the horizontal projection x̃ that satisfies (4c) is uniquely
determined by the map
x̃ = Ψ(f1 , f2 , f3 ), where Ψ(f1 , f2 , f3 ) = JE(x1 ×f1 +x2 ×f2 +x3 ×f3 ) and J =

·

0
1

−1
0

¸

. (5)

Next, each friction cone Ci can be decomposed as Ci = {0} ∪ Si ∪ Ii , where we denote
Ii = int(Ci ) and Si = bdy(Ci ) \ {0}. A contact force fi ∈ Si can be parametrized by the two
scalars (λi , φi ) ∈ IR+ ×S1 , where λi is the force magnitude and φi the force angle, measured
by projecting fi on the plane spanned by {si , ti }, which is terrain’s tangent plane at the
contact xi . Using these parameters, a force fi ∈ Si is given by
fi (λi , φi ) = λi ui (φi ) such that ui (φi ) = µ cos(φi )si + µ sin(φi )ti + ni

(6)

Since ui (φi ) has a fixed magnitude, u0i (φi ) = −µ sin(φi )si + µ cos(φi )ti is orthogonal to ui (φi ).
The pair (ui (φi ), u0i (φi )) spans the tangent plane to Si at fi (λi , φi ), which will be denoted by
∆i (φi ). Finally, we define η i (φi ) = ui (φi ) × u0i (φi ) = −µ cos(φi )si − µ sin(φi )ti − µ2 ni , which
is the outward-pointing normal to ∆i (φi ) at fi (λi , φi ). With a slight abuse of notation, we
will treat ∆i (φi ) as planes embedded in the physical space, that is, planes which are tangent
to the friction cones Ci emanating from the contact points xi in the three-dimensional space.
Statement of the main theorem:
Having defined all the necessary notation, we now
present the main theorem, which formulates the three different types of curves comprising the
e where each type of boundary curve is associated with contact forces having
boundary of R,
a particular characterization. The first type of boundary curves are linear segments lying
e which can be computed by applying the planar formula
on edges of the support polygon P,
in Proposition 2.2 for two-dimensional environments. The two other curves are formulated
as the image of one-dimensional curves in the space of contact forces (f1 , f2 , f3 ) under the
map Ψ defined in (5). For simplicity, each boundary curve is formulated under an arbitrary
assignment of indices to the contacts and contact forces, and represents three different curves
obtained by applying all possible permutations of index relabeling.
Theorem 1. Given a tame 3-contact arrangement, the boundary of the horizontal crosse of the feasible equilibrium region consists of three types of curves, which are listed
section R
as follows:
1. Two-contact segment is a linear segment lying on an edge x̃1 − x̃2 of the support
e which is associated with contact forces (f1 , f2 , f3 ) such that f3 = 0. The
polygon P,
endpoints of the line segments can be obtained by applying the planar formula given in
9

Proposition 2.2 for computing R in two-dimensional environments, where the forces
f1 ∈ C1 and f2 ∈ C2 are restricted to lie within the plane spanned by the vertical
direction e and the line x̃1 − x̃2 .
2. Three-contact SSI segments are linear segments which are associated with contact
forces such that f1 ∈ S1 , f2 ∈ S2 and f3 ∈ I3 . The forces f1 , f2 are parametrized as
fi = λ1 ui (φ∗i ) for i = 1, 2, where φ∗1 , φ∗2 are solutions of the equations
η i (φ∗1 ) · (x1 − x3 ) = 0
η i (φ∗2 ) · (x2 − x3 ) = 0,
that satisfy the additional sign condition
¡
¢
¡
¢
sgn ˆl·((x1 −x3 ) × n1 ) = sgn ˆl·((x2 −x3 ) × n2 ) , where ˆl = η 1 (φ∗1 )×η 2 (φ∗2 ).

(7)

(8)

The boundary curve is then given as the Ψ-image of the line in (f1 , f2 , f3 )-space which
is obtained by solving the four scalar equations (4a)-(4b) with the five scalar unknowns
λ1 , λ2 and f3 , where φ∗1 and φ∗2 are solutions of (7) that also satisfy (8). The geometric
meaning of (7) is that the tangent planes ∆1 (φ∗1 ) and ∆2 (φ∗2 ) pass through the contact
e is a linear segment lying on the horizontal projection of
x3 . The boundary curve of R
l, the intersection line of the tangent planes ∆1 (φ∗1 ) and ∆2 (φ∗2 ).
3. Three-contact SSS curve is associated with contact forces such that fi ∈ Si for all
i = 1, 2, 3. The forces are parametrized by λi , φi , where the angles (φ1 , φ2 , φ3 ) lie on
the one-dimensional solution set of the two equations
¸
·
Eu1 (φ1 )
Eu2 (φ2 )
Eu3 (φ3 )
=0
(9)
det
e·(x1 ×u1 (φ1 )) e·(x2 ×u2 (φ2 )) e·(x3 ×u3 (φ3 ))
¸
H T (ν ×η 1 (φ1 ))
H T (ν ×η 2 (φ2 ))
H T (ν ×η 3 (φ3 ))
=0
det
ν ·(x1 ×(ν ×η 1 (φ1 ))) ν ·(x2 ×(ν ×η 2 (φ2 ))) ν ·(x3 ×(ν ×η 3 (φ3 )))
·

(10)

where H is a 3×2 constant matrix whose columns form an orthogonal basis for the
base plane ∆. Geometrically, (9) implies that the lines of the three contact forces
intersect a common vertical line, and (10) implies that the intersection point of the three
tangent planes ∆1 (φ1 ), ∆2 (φ2 ), ∆3 (φ3 ), denoted z, lies on the base plane ∆. Finally, an
additional necessary condition for a triplet (φ1 , φ2 , φ3 ) that solves (9)-(10) to contribute
e is the sign condition given by
to the boundary of R
¡
¢
¡
¢
¡
¢
sgn ν·((x1−z) × η 1 (φ1 )) = sgn ν·((x2−z) × η 2 (φ2 )) = sgn ν·((x3−z) × η 3 (φ3 )) . (11)
The boundary curve is then given as the Ψ-image of the one-dimensional curve in
(f1 , f2 , f3 )-space which is obtained by taking fi = λi ui (φi ) for i = 1, 2, 3 where λi are
obtained by solving the linear equation (4b) for any value of (φ1 , φ2 , φ3 ) that lies on the
one-dimensional solution set of (9) and (10).
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Practical computation of the SSS boundary curves:
Note that while the first
two types of boundary curves are linear segments which are given in closed form and have
a straightforward geometric interpretation, the third type of boundary curve is only given
implicitly as an image of the solution curve of two equations in (φ1 , φ2 , φ3 )-space, which are
cubic in (cos φi , sin φi ). Two ways for practical numeric computation of these curves, which
are both implemented in our graphical examples, are as follows. First, the trigonometric
equations (9)-(10) can be transformed into polynomial equations by using the new variables
βi = tan(φi /2). Then, β3 can be eliminated, yielding a single polynomial equation of order
16 is β1 , β2 . This equation is then solved numerically by discretizing φ1 within the interval
[−π, π] and finding the real roots of an 8th order polynomial in β2 for any discrete value of β1
(see [41] for details). A second way for computing SSS curves is to trace them numerically by
differentiating (9)-(10) and marching along the tangent to the solution in (φ1 , φ2 , φ3 )-space.
However, this approach requires pre-computation of sample points on each piece of the SSS
curves. A practical approach for computing sample points is based on the following corollary.
e are separated from each other by
Corollary 4.1. The SSS curves along the boundary of R
e consists only
two-contact segments and three-contact SSI segments. When the boundary of R
of SSS curves, it is the image of a single connected loop in (φ1 , φ2 , φ3 )-space.
A proof sketch of this corollary appears in the Appendix. The corollary provides us with
the following approach for computing sample points on the SSS curves along the boundary of
e First one computes all linear segments on the boundary of R
e using the formulas provided
R.
e is convex, its boundary is a simple closed curve. The remaining pieces
in Theorem 1. Since R
e
on the boundary of R must be SSS curves. The corollary guarantees that the endpoints of
each SSS curve are endpoints of its neighboring linear segments. The (φ1 , φ2 , φ3 )-values of the
latter endpoints provide start-and-end points for tracing the SSS curve joining the two linear
e consists only
segments. However, this approach ceases to be useful once the boundary of R
e originates from a
of SSS curves. In this case the corollary guarantees that the boundary of R
e
single connected loop in (φ1 , φ2 , φ3 )-space. In this case a sample point on the boundary of R
can be efficiently computed as a convex optimization problem [5, 17]. This computation takes
place in (f1 , f2 , f3 , x̃)-space and gives a starting point on the (φ1 , φ2 , φ3 )-loop generating the
e
boundary of R.

4.2

Graphical Example

e FigWe now demonstrate the application of Theorem 1 for computing the boundary of R.
e
ure 3 shows the region R (shaded region) for the 3-contact arrangement of Figure 2, using
e consists of two-contact segments (thick lines),
several values of µ. The boundary of R
three-contact SSI segments (dashed lines), and three-contact SSS curves (solid curves). Fige in
ures 3(a)-(c) correspond to µ = 0.5, 0.4, 0.2 and resolve the missing boundary pieces of R
e for a smaller value of µ = 0.1.
Figures 2(b)-(d) respectively. Figure 3(d) shows the region R
e
e
In this case R lies strictly inside the support polygon P, and its boundary consists of one
e is convex for all values of µ.
SSI segment and one SSS curve. Note that the region R
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4.3

Onset of Non-Static Motion Modes

e consists of three types of curves listed in Theorem 1. When B’s horThe boundary of R
e into the non-equilibrium region,
izontal center-of-mass position crosses the boundary of R
one expects that B would enter a non-static motion mode. The particular motion mode
depends on the boundary curve being crossed. When x̃ reaches a two-contact segment
on a support-polygon edge, the contact forces lie in one of the closed cells {0}×C2 ×C3 ,
C1 ×{0}×C3 , C1 ×C2 ×{0}. These cells involve two active forces while the third force has zero
magnitude. Hence one expects the onset of a tip-over motion, where the two active contacts
start rolling while the non-active contact breaks away from the supporting terrain. When x̃
reaches a two-contact SSI segment, the contact forces lie in one of the cells int(C1 )×S2 ×S3 ,
S1 ×int(C2 )×S3 , S1 ×S2 ×int(C3 ). In these cells one force fi lies in the interior of its friction
cone, while the other two forces fj , fk lie on the boundary of their friction cones. Hence one
expects the onset of a rolling motion at xi , accompanied by simultaneous sliding at xj and
xk . When x̃ reaches an SSS curve the contact forces lie in S1 ×S2 ×S3 , and in this case one
expects the onset of simultaneous sliding at all three contacts.
The three non-static modes match the experimental results reported below. However,
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one should keep in mind that rigid-body dynamics with Coulomb friction at the contacts can
exhibit multiple solutions as well as non-smooth transitions in the form of impacts [26, 56].
Current research efforts aimed at improving the predictive powers of the rigid-body dynamic
model are discussed in the concluding section.

4.4

Proof of the Main Result

We now give the proof of Theorem 1. First, we give the idea of the proof and outline its
main steps. Then we go through these steps by giving a series of intermediate statements
whose detailed proofs are relegated to the Appendix.
Main idea of the proof. The proof is based on the following geometric interpretation of
the equilibrium condition (1). Let wrench space have force-and-torque coordinates (f, τ ) ∈
IR6 . As the center of mass x varies in physical space, the gravitational wrench on the right
side of (1) spans a two-dimensional affine subspace in wrench space (the component of x
along e is mapped to zero). Let L denote this subspace. On the other hand, as the contact
forces vary in their friction cones, their net reaction wrench on the left side of (1) spans a
six-dimensional cone in wrench space. Let W denote this cone. For 3-contact arrangements,
the intersection W ∩ L is generically a two-dimensional set, consisting of all feasible reaction
wrenches which balance the gravitational wrench for some horizontal position of the center
of mass x̃. The wrenches (f, τ ) ∈ W ∩ L are related to x via the linear mapping τ = x × fg .
Hence we first compute the boundary of W ∩ L in wrench space, then obtain the boundary
of R by inversion of the linear relation τ = x × fg , as given by the map Ψ in (5).
The computation of the boundary of R is thus divided into three stages. First, we
characterize and formulate the boundary of the six-dimensional wrench cone W . We show
that this boundary is composed of three different types of cells. Each boundary cell is a fivedimensional set of wrenches generated by critical contact forces having a distinct parametrization and a particular geometric characterization. Next, we intersect each boundary cell of
W with the two-dimensional affine subspace L. This is done by taking the contact-force
parametrization and augmenting it with the linear system of four scalar equations in (4a)(4b), yielding a parametrization of the one-dimensional boundary curve of W ∩ L. Finally,
e is the pre-image of bdy(W ) ∩ L under the linear map τ = x × fg , which is
the boundary of R
obtained by applying the explicit map Ψ given in (5). In the rest of this section, we go over
these stages, where the main focus is on the details of the first stage, namely, computation
of the boundary of the wrench cone W .
Stage 1: Computing the boundary of the wrench cone W . We now characterize
the critical contact forces whose net wrench lies on the boundary of W . By definition, W is
the collection of net wrenches generated by varying the contact forces within their friction
cones,
( 3
)
¶
Xµ f
i
W =
: fi ∈ Ci for i = 1, 2, 3 ,
(12)
x ×f
i=1

i

i

where the requirement fi ∈ Ci for i = 1, 2, 3 is equivalent to (f1 , f2 , f3 ) ∈ C1 ×C2 ×C3 . The
boundary of W is generically a five-dimensional set in wrench space IR6 . In order to characterize this set, we interpret W as the image of C1 ×C2 ×C3 ⊂ IR9 under a linear mapping L
given by
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L : C1 × C2 × C3 → IR

6

where L(f1 , f2 , f3 ) =

3 µ
X
i=1

fi
x i × fi

¶

.

(13)

It can be verified that L has full rank whenever the three contacts do not lie along a
common spatial line. Assuming that L has full rank, the inverse function theorem [16,
p. 20] implies that L maps the interior of C1 ×C2 ×C3 into the interior of W . Hence
the boundary of W is generated by contact forces on the boundary of C1 ×C2 ×C3 . The
boundary of C1 ×C2 ×C3 is an eight-dimensional set given by the union: bdy(C1 ×C2 ×C3 ) =
bdy(C1 )×C2 ×C3 ∪ C1 ×bdy(C2 )×C3 ∪ C1 ×C2 ×bdy(C3 ). For notational simplicity we focus on
the set bdy(C1 )×C2 ×C3 , with the understanding that similar results apply to the other two
sets. We need to obtain the internal division of bdy(C1 )×C2 ×C3 into cells2, then determine
which cells contribute to the boundary of W . Recall that Si denotes the boundary of the ith
friction cone Ci , excluding its vertex. The following lemma lists the cells of bdy(C1 )×C2 ×C3 .
Lemma 4.2. The set bdy(C1 )×C2 ×C3 consists of force-cells of different dimensions, which
are listed as:
1. {0}×S2 ×int(C3 ), {0}×int(C2 )×S3 , S1 ×int(C2 )×{0}, S1 ×{0}×int(C3 ) (four 5D cells),
2. {0}×int(C2 )×int(C3 ) (one 6D cell),
3. S1 ×S2 ×S3 (one 6D cell),
4. S1 ×S2 ×int(C3 ) and S1 ×int(C2 )×S3 (two 7D cells),
5. S1 ×int(C2 )×int(C3 ) (one 8D cell),
where the list includes only cells of dimension five and higher.
A proof of the lemma appears in the Appendix. Our next task is to determine which of
the force-cells listed in the lemma contribute five-dimensional pieces to the boundary of W .
First, we parametrize each force-cell of dimension m by a set of m scalar parameters, where
an interior force fi ∈ Ii is parametrized by its three components in IR3 , and a force on the
boundary of its friction cone fi ∈ Si is parametrized by (λi , φi ) ∈ IR+ ×IR as defined in (6).
The restriction of the map L to the cell can then be obtained by substituting the chosen
parametrization of contact forces into (13). Then, a necessary condition that the image of
the force-cell under L would contribute to the boundary of W is that the Jacobian of the
restriction of L to the cell would lose its rank. For each m-dimensional cell, the corresponding
Jacobian matrix has dimensions of 6×m, and the condition for rank-deficiency gives m − 5
equations that determine the critical contact forces belonging to the particular force-cell.
These conditions are given a geometric interpretation which is proven in the Appendix by
using the theory of line geometry [10, 33]. In line geometry, a vector of the form (v, p×v) ∈ IR6
is interpreted as a representation of a spatial line in IR3 , and the linear dependency of a set
of such vectors implies particular geometric relations between their corresponding lines. The
following proposition specifies which of the force-cells listed in Lemma 4.2 possibly contribute
to the boundary of W , and gives analytic expressions and geometric characterization of the
corresponding critical forces. The geometric characterization makes use of the tangent planes
∆i (φi ), which were defined for fi ∈ Si , and their relations to the contact points and the base
plane ∆.
2

Each cell being an m-dimensional manifold without a boundary, where 0 ≤ m ≤ 8.
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Proposition 4.3. Let x1 , x2 , x3 be three contacts which do not lie on a common spatial line.
Among the force-cells listed in Lemma 4.2, the ones listed as items 1-4 possibly contribute
five-dimensional pieces to the boundary of the wrench cone W , where the critical contact
forces are given as follows
1. Two-contact cells: the entire 5D cells.
2. Two-contact cells: the entire 6D cell {0}×int(C2 )×int(C3 ).
3. SSS cells: the subset of the 6D cell S1 ×S2 ×S3 of forces (f1 , f2 , f3 ) whose tangent planes
∆i (φi ) intersect at a common point z on the base plane ∆. The forces are parametrized by
(λi , φi ) such that (φ1 , φ2 , φ3 ) satisfy the relation (10).
4. SSI cells: The subset of the 7D cell S1 ×S2 ×int(C3 ) having forces (f1 , f2 ) whose tangent
planes ∆1 (φ1 ) and ∆2 (φ2 ) intersect at x3 . These forces are given by f1 = λ1 u1 (φ∗1 ) and
f2 = λ2 u2 (φ∗2 ) where φ∗1 , φ∗2 are solutions of (7), and λ1 , λ2 and f3 ∈ int(C3 ) vary freely. The
subset of the force-cell S1 ×int(C2 )×S3 is similarly defined.
5. The 8D cell of item 5 generically does not contribute to the boundary of W.
The proof of this proposition appears in the Appendix. Note that the force-cells of items
1 and 2 involve only two nonzero contact forces, while the force-cells of items 3 and 4 involve
three nonzero contact forces. Also note that the subset of the 7D force-cell S1 ×S2 ×int(C3 )
involves four combinations of forces (f1 , f2 ) with fixed directions, while f3 ∈ int(C3 ).
An important observation is that for each force-cell, the condition of rank-deficiency
of the Jacobian which describes the critical contact forces is only a necessary condition for
characterization of wrenches on the boundary of W . That is, the critical contact forces
described in Proposition 4.3 are mapped to candidate boundary cells of W , where some of
the candidate boundary cells might actually lie in the interior of W . (As a simple analogy
from single-variable calculus, the rank-deficiency condition is equivalent to the vanishing
of the first derivative of a scalar function, which indicates a local critical point. In order
to determine whether the critical point corresponds to a minimum, one is required to check
some additional sign conditions). The following proposition completes the characterization of
bdy(W ) by augmenting the conditions in Proposition 4.3 with sufficient conditions for critical
contact forces to be associated with the actual boundary of W rather than its interior. The
conditions utilize the geometric characterization of the critical forces, the convexity of W ,
and the fact that we focus on tame contact arrangements.
Proposition 4.4. Given a tame 3-contact arrangement, consider the characterization of
critical contact forces as given in Proposition 4.3. The sufficient conditions for critical forces
from each force-cell to contribute to the actual boundary of the wrench cone W are given as
follows
1. Two-contact cells: the entire 5D cells map to the actual boundary of W .
2. Two-contact cells: the entire 6D cell {0}×int(C2 )×int(C3 ) maps to the actual boundary
of W .
3. SSS cells: from the subset of the 6D cell S1 ×S2 ×S3 associated with critical forces
(f1 , f2 , f3 ) whose tangent planes ∆i (φi ) intersect at a common point z on the base plane ∆,
the critical forces which contribute to the actual boundary of W must satisfy the additional
condition
¡
¢
¡
¢
¡
¢
sgn ν ·((x1 −z) × η 1 (φ1 )) = sgn ν ·((x2 −z) × η 2 (φ2 )) = sgn ν ·((x3 −z) × η 3 (φ3 )) .
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4. SSI cells: from the subset of the 7D cell S1 ×S2 ×int(C3 ) associated with critical forces
f1 = λ1 u1 (φ∗1 ) and f2 = λ2 u2 (φ∗2 ), the critical forces which contribute to the actual boundary
of W must satisfy the additional condition
¡
¢
¡
¢
sgn ˆl·((x1 −x3 ) × n1 ) = sgn ˆl·((x2 −x3 ) × n2 ) , where ˆl = η 1 (φ∗1 )×η 2 (φ∗2 ).
A proof of this proposition appears in the Appendix.
e
Stages 2 and 3: Computing the boundary curves of R.
The five-dimensional
boundary cells of the wrench cone W were characterized and formulated in Propositions
4.3 and 4.4. We now proceed to the next two stages of intersecting bdy(W ) with the affine
subspace L in wrench space to obtain bdy(W ∩ L), and then applying the map Ψ in (5) to
e The
obtain a formulation of the three pieces of curves comprising the boundary bdy(R).
first type of boundary curves, namely, the two-contact segments, associated with two nonzero
contact forces fi and fj are computed directly by applying the planar formula in Proposition
2.2 for computing the planar strip of feasible equilibrium in two dimensional environments,
where the forces fi and fj are restricted lie within the plane spanned by the vertical direction
e and the line xi − xj . The resulting strip has a vertical projection lying on the edge
e Note
x̃i − x̃j of the support polygon, which is precisely a two-contact segment on bdy(R).
that proposition 3.1 implies that for tame contact arrangement, any non-empty two-contact
e For the second type of cells of bdy(W ),
segment is automatically on the boundary of R.
e is obtained by
namely, SSI cell, the corresponding linear segment on the boundary of R
solving the four scalar equations (4a)-(4b) with the five scalar unknowns λ1 , λ2 and f3 , to
obtain a line segment in (f1 , f2 , f3 )-space, then applying the linear map Ψ to yield the line
e This line segment can be given the following geometric interpretation.
segment on bdy(R).
∗
Recall that φ1 and φ∗2 are chosen such that the line of intersection of the two tangent planes
∆1 (φ∗1 ) and ∆2 (φ∗2 ), denoted l, passes through x3 . By construction, the action lines of all
three contact forces intersect l, and hence they generate zero torque about this line. Since
the gravitational force acting at x must also generate zero torque about l in order to achieve
e must be the
torque balance, we conclude that the corresponding SSI line segment on bdy(R)
horizontal projection of l. Finally, for the third type of cell of bdy(W ), namely, SSS cells, the
critical contact forces are given by fi = λi ui (φi ) for i = 1, 2, 3, where (φ1 , φ2 , φ3 ) satisfy the
relation (10). In order to intersect with the affine subspace L, one needs to substitute the
forces fi into (4a)-(4b). Augmenting only the (x, y)-components of the force balance (4a)
with the torque balance about e in (4b), one obtains
¶  0 
¶ µ
¶ µ
µ
Ef3
Ef2
Ef1
=  0 .
+
+
e · (x3 ×f3 )
e · (x2 ×f2 )
e · (x1 ×f1 )
0
Substituting fi = λi ui (φi ) gives:
·

Eu1 (φ1 )
Eu2 (φ2 )
Eu3 (φ3 )
e·(x1 ×u1 (φ1 )) e·(x2 ×u2 (φ2 )) e·(x3 ×u3 (φ3 ))

¸



 



0
λ1
 λ2  =  0  .
λ3
0

(14)

Since this condition must be satisfied for nonzero magnitudes λi , the determinant of the 3×3
matrix in (14) must vanish, yielding a nonlinear equation in (φ1 , φ2 , φ3 ), which is given by
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Figure 4: Experimental setup of a three-legged prototype.
(9) in Theorem 1. Equation (9) then implies that the torque balance (4b) is automatically
satisfied, and the magnitudes λi are determined by solving the force balance (4a), giving a
e via the map Ψ.
one-dimensional curve in (f1 , f2 , f3 )-space, which is then mapped to bdy(R)
¤
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Experimental Results

This section describes experiments that measure the equilibrium region of a three-legged prototype supported by a frictional terrain against gravity. The objective of these experiments
is to validate the analytical characterization of the three types of boundary curves of the feasible equilibrium region, as well as their association with different modes of contact motions.
The experimental system consists of a three-legged mechanism supported by three inclined
plates (Figure 4). The mechanism is made of aluminium and consists of three extendible
legs attached to a rigid ring. The central-ring diameter is 212 mm and the nominal length
of each extendible leg is 180 mm. Each leg ends with a spherical footpad and maintains a
point contact with its supporting plate. The mechanism’s center of mass is determined by
sliding a heavy steel cylinder mounted on top of the central ring. The cylinder moves along
a linear slider of length 430 mm which can rotate in 15◦ increments. The mechanism’s total
weight is 7.9 kg, of which the movable steel cylinder weighs 4.2 kg. The plates supporting the
mechanism have adjustable slopes. The (static) coefficient of friction between the footpads
and plates was measured in a preliminary experiment, described as follows. The three-legged
mechanism was placed on a single supporting plate, which was initially horizontal. The inclination angle of the plate was then slowly increased, until reaching a critical angle γ at which
the mechanisms started to slide. The coefficient of friction µ is related to γ by µ = tan(γ).
Using this procedure, the average coefficient of friction was determined to be µ̄ = 0.26 with
a standard deviation of σ = ±13%.
e is as follows. Each leg is equipped with a
The process of measuring the boundary of R
marker pressing lightly against its supporting plate (Figure 4). The mechanism is initially
placed in static equilibrium on the supporting plates, with the sliding cylinder located above
the mechanism’s central ring. Next, we slowly slide the cylinder outward in 1 mm increments,
pausing after each increment to check if any of the foot-markers has moved. This process
17
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Figure 5: (a) Theoretical computation of R
measurements of the critical center-of-mass positions (’×’) compared with the theoretical
e for µ = µ̄ ± σ (see text).
boundaries of R
continues until the mechanism’s center of mass reaches the boundary of the equilibrium
region, where a critical event of contact breakage or slippage is observed. The critical centerof-mass position is recorded, and the process is repeated with the linear slider mounted at
the next orientation. The slider’s angles eventually cover a full circle with 15◦ resolution,
e
giving a discrete mapping of the entire boundary of R.
The contacts selected for the experiment are positioned at equal heights and span a
horizontal equilateral triangle having edge length of 165 mm. The supporting plates of x1
and x2 are set to be horizontal. The supporting plate of x3 is set such that its contact normal
makes a 30◦ angle with the upward direction e, while its horizontal projection makes a 20◦
angle with the bisector of the equilateral triangle in a horizontal plane. Figure 5(a) shows a
top view of the contacts and the horizontal projection of the friction cone C3 (the horizontal
e computed for the
projections of C1 and C2 span the entire plane). The theoretical region R
average value µ̄ = 0.26 appears as a shaded region in Figure 5(a). Note that the boundary
e consists of all three types of curves. Hence one expects three qualitatively distinct
of R
critical events in the experiment. Figure 5(b) shows the experimentally measured centere The experimental
of-mass critical positions overlayed on the theoretical boundary of R.
e
measurements are marked by ’×.’ The theoretical boundary of R is computed for µ = µ̄ + σ
and µ = µ̄−σ, and consists of two-contact segments (thick lines), three-contact SSI segments
(dashed lines), and three-contact SSS curves (solid curves).
We now briefly discuss the results of the experiment. First note that the measurements
along the two-contact segments have a very small variance. These measurements closely
match the theoretical two-contact segments, except for measurements near x1 and x2 discussed below. The measurements associated with the SSI segments and SSS curves have a
significantly larger variance. Yet all of these measurements fall within the region computed
e based on the model
theoretically for the range µ̄ ± σ. Thus, the theoretical computation of R
of point contact with Coulomb friction is validated. The reason for the difference in the
variances is as follows. Recall that two-contact segments are associated with onset of pure
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rolling about two contacts and breakage of the third contact. The center-of-mass position
on these segments depends solely on the position of the contacts, and can therefore be accurately measured irrespective of the value of µ. (An exception are measurements near x1 and
x2 which are highly sensitive to the precise alignment of the linear slider with the contacts.)
In contrast, measurements of points on the SSI segments and SSS curves are associated with
onset of sliding at two or three contacts. The corresponding center-of-mass position is highly
dependent on the coefficient of friction µ, whose value is determined experimentally and is
subject to large deviations. These large deviation explain the high variance associated with
measurements of points on the SSI segments and SSS curves. A possible reason for the large
deviations in the measurements of µ is the fact that spherical footpads maintain only a point
contact with the supports, which is highly sensitive to surface irregularities. A practical
solution to this problem would be to “flatten” the footpads in order to distribute the contacts over small areas. Note, however, that in this case one should use a soft-finger contact
model [30].

6

Conclusion

This paper characterized the feasible equilibrium region on uneven terrains for tame 3contact arrangements, where the friction cones lie above the plane spanned by the contacts.
The paper first established that the feasible equilibrium region forms a right cylinder whose
e lies within the contacts’ support polygon. The paper then showed
convex cross-section R
e consists of three types of curves: two-contact linear segments,
that the boundary of R
three-contact SSI linear segments, and three-contact SSS curves. The first two types possess
closed form formulas which depend on the geometric data and the coefficient of friction µ.
The three-contact SSS curves are highly nonlinear and possess only an implicit formulation
e lies between linear
in (φ1 , φ2 , φ3 )-space. However, each SSS curve on the boundary of R
segments, making the SSS curves fully traceable. The paper subsequently associated the
three types of boundary curves with the potential onset of non-static contact modes: the
two-contact segments are associated with two rolling contacts and one breaking-off contact;
the SSI segments are associated with two sliding contacts and one rolling contact; the SSS
curves are associated with three sliding contacts. Experimental measurements using a threelegged prototype corroborated the analytic characterization of the three types of boundary
e as well as their association with the different non-static contact modes.
curves of R,
We now briefly discuss several future extensions of the results. A first extension is
computation of the feasible equilibrium region associated with k > 3 contacts. The support
e is still the convex hull of the horizontally projected contacts. However, now
polygon, P,
e Let x1 , . . . xp (p ≤ k) be the contacts
only a subset of the contacts contributes vertices to P.
e where the contacts are enumerated consecutively along
associated with the vertices of P,
e Then a k-contact arrangement will be defined as tame if for each pair
the boundary of P.
of contacts xi , xi+1 (where i is counted modulo p), the triplet (xi , xi+1 , xj ) forms a tame
3-contact arrangement where xj varies over all remaining contacts. The tame k-contact
e ⊆ P.
e Our current research indicates that
arrangements still satisfy the key relation R
e consists of the same three types of curves associated with two or three
the boundary of R
active contacts, together with new types of curves associated with higher number of contacts.
Efficient enumeration of the new curves as well as experimental verification of the resulting
19

equilibrium region are currently under investigation.
A second possible extension is accounting for non-tame contact arrangements, which
are typical to scenarios of vertical climbing. In that case, the feasible equilibrium region
is not bounded within the support polygon, and may even lie entirely outside the support
e do not
polygon (see example in [6]). Though the existing types of boundary curves of R
e becomes unbounded in some directions.
change in such scenarios, a problem may arise if R
Note that the computational algorithms in [5] and [6] also fail to work in these cases, since
e from the outside. A systematic method for
they require an initial guess of a polygon R
e as well as its computation, are
identifying contact arrangements resulting in unbounded R,
still an open problem.
A third future direction is merging our results with the computational algorithm proposed in [6]. Note that the algorithm in [6] iteratively computes outer and inner polygonal
e whereas two of three types of the exact boundary of R
e are linear
approximations of R,
segments that are given here in closed form, and have a clear geometric interpretation.
Computing these boundary segments in a preliminary step and using them as initial guesses
for the algorithm of [6] may reduce its computational cost. The improved algorithm can
be utilized to enhance the performance of motion planning based on fast sampling of a
high-dimensional configuration space [4, 19], or even for ongoing efforts on explicit motion
planning on rough terrain [50].
Finally, a longer term issue is the construction of quasistatic locomotion planners based
on feasible equilibrium regions. While it is tempting to demonstrate the utility of such
planners, equilibrium feasibility must first be augmented with the following additional considerations. The first consideration concerns the ambiguous rigid-body dynamics incurred
by the presence of friction at the contacts [26, 31, 49]. One must ensure that a feasible
equilibrium is dynamically non-ambiguous, or a strong equilibrium [27, 44]. A second issue
concerns the stability of a candidate equilibrium posture, which consists of two types of stability. First, a candidate equilibrium posture must be able to resist disturbance wrenches
generated by moving parts of the mechanism. This notion has been treated as posture robustness in planar environments [42], and its characterization in three-dimensions is currently
under investigation. Second, a candidate equilibrium posture must be dynamically stable
with respect to position-and-velocity perturbations. This classical type of stability must
account for the hybrid dynamics induced by non-smooth transitions associated with contact slippage, contact breakage, and impacts at recovering contacts. Some initial progress
is reported for specific scenarios [14, 18, 45]. However, a general stability theory for multicontact systems undergoing impacts is a primary open problem in the area of non-smooth
mechanical systems [41, 43].
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A

Appendix - Proofs and Technical Details

Proof of Proposition : 3.1: First consider the case of a tame contact arrangement. We
have to show that any center-of-mass position satisfying the equilibrium condition (1) lies
in P. Let l12 denote the spatial line passing through x1 and x2 . Since f1 and f2 generate
zero torque about l12 , the torque-balance part of (1) implies that the net torque generated
by fg and f3 about l12 must vanish. Since the contact arrangement is tame, f3 satisfies
f3 · ν ≥ 0. Hence torque balance about l12 can be shown to imply that x must lie within
the semi-infinite halfspace bounded by the vertical plane passing through x1 and x2 which
contains x3 . Repeating this argument for the other two contact permutations, we obtain
that x must lie within the right prism spanned by the contacts, which is precisely P. Thus
R ⊆ P.
Next consider the case of a quasi-flat contact arrangement. Since e ∈ Ci , a single vertical
contact force, fi = −fg , can balance the gravitational force. Hence the entire vertical line
through xi lies in R (i = 1, 2, 3). According to Proposition 2.1, R is a convex set. Hence R
contains the right prism spanned by the contacts, which is precisely P.
¤
Proof of Lemma 4.2:
The boundary of C1 is the union bdy(C1 ) = {0} ∪ S1 . Hence
bdy(C1 )×C2 ×C3 = {0}×C2 ×C3 ∪ S1 ×C2 ×C3 . We now proceed with each of the two sets.
Writing C2 and C3 as the union: Cj = int(Cj ) ∪ Sj ∪ {0} (j = 2, 3), the subdivision of the
first set is: {0}×C2 ×C3 = {0}×int(C2 )×S3 ∪ {0}×S2 ×int(C3 ) ∪ {0}×int(C2 )×int(C3 ), where
we omitted cells of dimension less than five. This gives two of the 5D cells in item 1, and
the 6D cell of item 2. The subdivision of the second set is: S1 ×C2 ×C3 = S1 ×{0}×C3 ∪
S1 ×S2 ×C3 ∪ S1 ×int(C2 )×C3 , where again we omitted lower dimensional cells. The first set
contains the cell S1 ×{0}×int(C3 ), which is one of the 5D cells in item 1. The subdivision of
the second set is: S1 ×S2 ×C3 = S1 ×S2 ×S3 ∪ S1 ×S2 ×int(C3 ). This gives the 6D cell of item 3
and one of the 7D cells in item 4. The subdivision of the third set is: S1 ×int(C2 )×C3 =
S1 ×int(C2 )×{0}∪S1 ×int(C2 )×S3 ∪S1 ×int(C2 )×int(C3 ). It gives one of the 5D cells in item 1,
one of the 7D cells in item 4, and the 8D cell of item 5.
¤
Useful facts from line geometry:
The ensuing analysis is based on results from
line geometry for which we need some terminology [10, 33, 48, 52]. Let l be a spatial line
passing through a point p along a direction v. The Plücker coordinates of l are defined as
(v, p×v) ∈ IR6 . For collections of spatial lines, the linear subspaces spanned by their Plücker
coordinates in IR6 have well known characterizations. In particular, a two-dimensional linear
subspace spanned by (v1 , p×v1 ) and (v2 , p×v2 ) is a flat pencil. It is the collection of all
spatial lines passing through p and embedded in a plane spanned by (v1 , v2 ). A threedimensional linear subspace spanned by (v1 , p×v1 ),(v2 , p×v2 ),(v3 , p×v3 ) is a solid pencil. It
is the collection of all lines passing through p along all spatial directions. The next lemma
provides useful facts from line geometry, which are utilized in the proofs of Proposition 4.3
and Proposition 4.4. The lemma is based on the following geometric properties of spatial
lines [10, 33, 48, 52]. First, three spatial lines possess linearly dependent Plücker coordinates
iff they lie on a common flat pencil. Second, two spatial lines having Plücker coordinates
(v1 , x1 ×v1 ) and (v2 , x2 ×v2 ) are reciprocal if (v1 , p1 ×v1 )·(p2 ×v2 , v2 ) = 0 (note the transposed
coordinates of the second line). It is a basic geometric fact that two lines are reciprocal iff
they intersect in physical space.
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Lemma A.1. Let x1 , x2 , x3 be three points in IR3 which do not lie along a common spatial
line. Then the following relations hold for pencils at these points.
1. Three flat pencils at x1 , x2 , x3 are linearly dependent iff they intersect at a common point
on the plane ∆ spanned by the three points.
2. Two flat pencils at x1 , x2 and one solid pencil at x3 are linearly dependent iff the two
flat pencils intersect at x3 .
3. One flat pencil at x1 and two solid pencils at x2 , x3 are linearly dependent iff the flat
pencil coincides with the plane ∆ spanned by the three points.
Proof:
First consider the case of three flat pencils at x1 , x2 , x3 . Let (ui , xi ×ui ) and
(vi , xi ×vi ) be the Plücker coordinates of two lines spanning the ith flat pencil (i = 1, 2, 3).
Linear dependence of the six lines requires that the columns of the following 6 × 6 matrix
be linearly dependent,
µ
¶
u1
v1
u2
v2
u3
v3
A1 =
.
x1 ×u1 x1 ×v1 x2 ×u2 x2 ×v2 x3 ×u3 x3 ×v3
A linear combination of each pair of columns associated with xi gives a line in the ith flat
pencil (i = 1, 2, 3). Hence linear dependence of the columns is equivalent to linear dependence
in Plücker coordinates of some three lines associated with the three flat pencils. Let l1 , l2 , l3
denote these three lines. Then l1 , l2 , l3 must belong to a common flat pencil in IR3. Since li
passes through xi for i = 1, 2, 3, the latter flat pencil coincides with the plane ∆ spanned by
the points {x1 , x2 , x3 }. It follows that each li is the intersection of the ith flat pencil with
∆ (i = 1, 2, 3). Since l1 , l2 , l3 belong to a common flat pencil they pass through a common
point in ∆. Hence the original flat pencils intersect at a common point in ∆.
Next, consider the case of two flat pencils at x1 , x2 and a solid pencil at x3 . Let
(ui , xi ×ui ) and (vi , xi ×vi ) be two lines spanning the ith flat pencil (i = 1, 2). Let (u3 , x3 ×u3 ),
(v3 , x3 ×v3 ), (w3 , x3 ×w3 ) be three lines spanning the solid pencil at x3 . We may set x3 = 0
without loss of generality, so that the Plücker coordinates of the lines spanning the solid
pencil become (u3 , 0), (v3 , 0), (w3 , 0). Linear dependence of the seven lines requires that the
rows of the following 6 × 7 matrix be linearly dependent,
µ
¶
u1
v1
u2
v2
u3 v3 w3
A2 =
,
x1 ×u1 x1 ×v1 x2 ×u2 x2 ×v2 0 0 0
The rows of A2 are linearly dependent iff there exist a nonzero row vector (V, W ) ∈ IR6 such
that (V, W )A2 = 0, where 0 ∈ IR7 . In particular, (V, W )[u3 v3 w3 ] = 0 implies that V = 0. The
left-kernel of A2 is therefore spanned by (0, W ). In Plücker coordinates, (W , 0) represents a
spatial line passing through x3 = 0 along the direction W . It follows that linear dependence
of A2 ’s rows is equivalent to the existence of a spatial line l passing through x3 which is
reciprocal to all lines of the two flat pencils. Using the geometric fact concerning reciprocality,
l must coincide with the intersection line of the two flat pencils. Since l passes through x3 ,
the two flat pencils pass through x3 .
Last, consider the case of a flat pencil at x1 and two solid pencils at x2 and x3 . The
flat pencil is spanned by two lines and each of the solid pencils is spanned by three lines.
Denoting the eight lines as above, linear dependence of these lines requires that the rows of
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the following 6 × 8 matrix be linearly dependent,
µ
¶
u1
v1
u2
v2
w2
u3 v3 w3
A3 =
,
x1 ×u1 x1 ×v1 x2 ×u2 x2 ×v2 x2 ×w2 0 0 0
where we set again x3 = 0. Here, too, the left-kernel of A3 is spanned by (0, W ) ∈ IR6 .
Reciprocality of (0, W ) with the first five columns of A3 dictates existence of a line l passing
through x3 along the direction W , such that l intersects all lines of the flat pencil at x1 and
all lines of the solid pencil at x2 . The only way l can intersect all lines of the solid pencil
is by passing through its base point x2 . It follows that the line joining x2 and x3 lies in the
flat pencil at x1 , implying that the flat pencil at x1 coincides with the plane ∆.
Finally, the geometric conditions specified in items 1,2,3 give rank deficient matrices
A1 , A2 , A3 , which imply the pencils’ linear dependency specified in the lemma.
¤
Proof of Proposition 4.3: We have to inspect the image under L of each cell in items 15. The 5D cells listed in item 1 are generically mapped by L into five-dimensional sets in
W . Since the boundary of W is also five-dimensional, all 5D cells are potential sources for
five-dimensional boundary pieces of W . For each cell of dimension six or higher, a necessary
condition that its image under L would contribute to the boundary of W is that the Jacobian
of the restriction of L to the cell would lose its rank. Hence we must check the Jacobian of
L on each cell listed in items 2-5.
First consider the 6D cell {0}×int(C2 )×int(C3 ) of item 2. Let L1 denote the restriction
of L to this cell. Using (f2 , f3 ) to parametrize this cell, L1 is a mapping from IR6 into IR6 .
The Jacobian of L1 is the 6 × 6 matrix:
¶ µ
¶
µ
O
I
I
I
∼
,
J1 =
[(x2 −x3 )×] O
[x2 ×] [x3 ×]
where I is a 3×3 identity matrix, O is a 3×3 matrix of zeroes, and [xi ×] is a 3×3 skewsymmetric matrix satisfying [xi ×]v = xi ×v for all v ∈ IR3 . The Jacobian J1 has a onedimensional kernel spanned by the column vector (x2 −x3 , 0) ∈ IR6 . Hence the entire image
of {0}×int(C2 )×int(C3 ) under L is a five-dimensional set in W . Since the boundary of W
is also five-dimensional, the entire cell is a potential source for a five-dimensional boundary
piece of W .
Next consider the 6D cell S1 ×S2 ×S3 of item 3. Let L2 denote the restriction of L to
this cell. Using (λi , φi ) to parametrize the friction-cone boundary Si (i = 1, 2, 3), L2 is a
mapping from IR6 into IR6 . The Jacobian of L2 is the 6 × 6 matrix:
¶
µ
u3 (φ3 )
λ3 u03 (φ3 )
u2 (φ2 )
λ2 u02 (φ2 )
u1 (φ1 )
λ1 u01 (φ1 )
.
J2 =
x1 ×u1 (φ1 ) λ1 x1 ×u01 (φ1 ) x2 ×u2 (φ2 ) λ2 x2 ×u02 (φ2 ) x3 ×u3 (φ3 ) λ3 x3 ×u03 (φ3 )
(15)
Each column of J2 represents in Plücker coordinates a spatial line passing through xi with
direction ui (φi ) or u0i (φi ) (i = 1, 2, 3). Since (ui (φi ), u0i (φi )) spans the tangent plane to Si ,
each pair of columns spans a flat pencil tangent to Si and passing through xi . We now
invoke a result from line geometry which appears in [52] and is reviewed in Lemma A.1.
If x1 , x2 , x3 do not lie on a common spatial line, three flat pencils at x1 , x2 , x3 are linearly
dependent iff they intersect at a common point on the base plane ∆. This condition identifies
the subset of S1 ×S2 ×S3 which is possibly mapped to a five-dimensional boundary piece of
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W . The subset consists of contact forces fi (λi , φi ) such that the intersection point of the
three tangent planes ∆i (φi ) lies on the base plane ∆. An equivalent condition is that the
lines {l1 , l2 , l3 } intersect at a common point, where li denotes the line of intersection of the
tangent plane ∆i (φi ) with the base plane ∆ for i = 1, 2, 3. This condition implies the linear
dependency of the Plücker coordinates of li , which are given by (ν × η i (φi ), xi × ν × η i (φi )).
Since the lines li all lie on ∆, the linear dependency condition can be reduced to vanishing
of the determinant given in (10).
Consider now the 7D cell S1 ×S2 ×int(C3 ) of item 4 (the other 7D cell can be analyzed in a
similar manner). Let L3 denote the restriction of L to this cell. Using (λi , φi ) to parametrize
Si (i = 1, 2) and f3 to parametrize int(C3 ), L3 is a mapping from IR7 into IR6 . The Jacobian
of L3 is the 6 × 7 matrix:
µ
¶
u1 (φ1 )
λ1 u01 (φ1 )
u2 (φ2 )
λ2 u02 (φ2 )
I
J3 =
.
(16)
x1 ×u1 (φ1 ) λ1 x1 ×u01 (φ1 ) x2 ×u2 (φ2 ) λ2 x2 ×u02 (φ2 ) [x3 ×]
The four columns of J3 associated with x1 and x2 span two flat pencils tangent to S1 and S2 .
The three columns associated with x3 span a solid pencil at x3 . We now invoke a second
fact from Lemma A.1. If x1 , x2 , x3 do not lie along a common spatial line, two flat pencils
at x1 , x2 and one solid pencil at x3 are linearly dependent iff the two flat pencils intersect
at x3 . This condition identifies the subset of S1 ×S2 ×int(C3 ) which is possibly mapped to a
five-dimensional boundary piece of W .
Finally consider the 8D cell S1 ×int(C2 )×int(C3 ). Let L4 denote the restriction of L to
this cell. Using (λ1 , φ1 ) to parametrize S1 and (f2 , f3 ) to parametrize int(C2 )×int(C3 ), L4 is
a mapping from IR8 into IR6 . The Jacobian of L4 is the 6 × 8 matrix:
µ
¶
u1 (φ1 )
λ1 u01 (φ1 )
I
I
J4 =
.
x1 ×u1 (φ1 ) λ1 x1 ×u01 (φ1 ) [x2 ×] [x3 ×]
The two columns of J4 associated with x1 span a flat pencil tangent to S1 . The six columns
associated with x2 and x3 span two solid pencils at x2 and x3 . We now invoke a third fact
from Lemma A.1. If x1 , x2 , x3 do not lie on a common spatial line, one flat pencil at x1 and
two solid pencils at x2 and x3 are linearly dependent iff the flat pencil at x1 coincides with
the base plane ∆. It follows that L4 loses rank on the 8D cell only when C1 is tangent to
the base plane ∆. For a tame contact arrangement, C1 lies strictly above ∆. Hence L4 has
full rank on the entire cell, and the cell is mapped into the interior of W .
¤
Proof of Proposition 4.4: First consider the closed 6D cell {0}×C2 ×C3 (the other cells
of item 1 can be similarly analyzed). Let l23 denote the spatial line passing through x2 and x3 .
Since the forces (f2 , f3 ) ∈ C2 ×C3 generate zero torque about l23 , the image of {0}×C2 ×C3
under L is embedded in a five-dimensional linear subspace in wrench space. This subspace,
denoted U , is orthogonal to a pure-torque wrench about l23 . The image of {0}×C2 ×C3 under
L lies on the boundary of W if all forces (f1 , f2 , f3 ) ∈ C1 ×C2 ×C3 generate net wrenches in
the same halfspace bounded by U in wrench space. Since the contact arrangement is tame,
the entire friction cone C1 lies on one side of the base plane ∆. Since l23 lies in ∆, all
forces of C1 generate the same torque sign about l23 . Hence all forces in C1 ×C2 ×C3 generate
the same torque sign about l23 . Since a pure-torque wrench about l23 is orthogonal to U
in wrench space, we established that all forces in C1 ×C2 ×C3 generate net wrenches in the
same halfspace bounded by U . The closed 6D cell {0}×C2 ×C3 is thus mapped by L to the
boundary of W .
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Next consider the 7D cell S1 ×S2 ×int(C3 ). According to Proposition 4.3, only the subset
of forces (f1 , f2 ) ∈ S1 ×S2 whose tangent planes intersect at x3 while f3 ∈ int(C3 ) is mapped to
a five-dimensional manifold in W . Let w0 be a particular wrench on this manifold, generated
by (f10 , f20 , f30 ) ∈ S1 ×S2 ×int(C3 ), and let V denote the manifold’s five-dimensional tangent
space at w0 . The wrench w0 lies on the boundary of W if all forces (f1 , f2 , f3 ) ∈ C1 ×C2 ×C3
generate net wrenches in the same halfspace bounded by V . The wrench orthogonal to V
is the left kernel of the Jacobian of L evaluated on the 7D cell. This Jacobian is the 6×7
matrix J3 specified in (16). Selecting the origin at x3 and recalling that fi (λi , φi ) = λi u(φi )
(i = 1, 2), the Jacobian is given by
µ
¶
u1 (φ1 )
λ1 u01 (φ1 )
u2 (φ2 )
λ2 u02 (φ2 )
I
J3 =
,
x1 ×u1 (φ1 ) λ1 x1 ×u01 (φ1 ) x2 ×u2 (φ2 ) λ2 x2 ×u02 (φ2 ) O
where (φi , λi ) for i = 1, 2 correspond to (f10 , f20 ), I is a 3×3 identity matrix, and O is a 3×3
zero matrix. The last three columns of J3 imply that its left kernel is spanned by the row
vector (0, τ0 ), where τ0 is yet to be determined. Let l denote the line of intersection of the
tangent planes ∆1 (φ1 ) and ∆2 (φ2 ), whose direction is given by ˆl = η 1 (φ1 )×η 2 (φ2 ). The
vectors xi and ui (φi ), u0i (φi ) lie in ∆i (φi ). Hence xi ×ui (φi ) and xi ×u0i (φi ) are orthogonal to
ˆl (i = 1, 2). The left kernel of J3 is therefore spanned by the row vector (0, τ0 ) = (0, ˆl). The
halfspace bounded by V in wrench space is: {(f, τ ) : (0, ˆl) · (f, τ ) = ˆl · τ ≥ 0}. It follows
that all forces of C1 ×C2 ×C3 must generate the same torque sign about l. The forces f3 ∈ C3
generate zero torque about l. The line l lies in the tangent plane of fi0 ∈ Si (i = 1, 2). It
can be verified that consequently all forces fi ∈ Ci generate the same torque sign about l
(i = 1, 2). Hence it suffices to check the torque sign about l of representative forces from
the interiors of C1 and C2 . Using the contact normals n1 and n2 for this purpose, we obtain
condition (8).
Consider now the 6D cell S1 ×S2 ×S3 . According to Proposition 4.3, only the subset of
forces (f1 , f2 , f3 ) whose tangent planes intersect at a common point z ∈ ∆ is mapped by L to
a five-dimensional manifold in W . Let w0 be a particular wrench on this manifold, generated
by (f10 , f20 , f30 ) ∈ S1 ×S2 ×S3 , and let V denote the manifold’s tangent space at w0 . If w0 lies
on the boundary of W, all local force variations (f10 , f20 , f30 ) + (∆f1 , ∆f2 , ∆f3 ) ∈ C1 ×C2 ×C3
must generate net wrenches in the same halfspace bounded by V. The wrench orthogonal to
V is the left kernel of the Jacobian of L evaluated on S1 ×S2 ×S3 . This Jacobian is the 6×6
matrix J2 specified in (15) and given by
µ

¶
u1 (φ1 )
λ1 u01 (φ1 )
u2 (φ2 )
λ2 u02 (φ2 )
u3 (φ3 )
λ3 u03 (φ3 )
J2 =
,
x1 ×u1 (φ1 ) λ1 x1 ×u01 (φ1 ) x2 ×u2 (φ2 ) λ2 x2 ×u02 (φ2 ) x3 ×u3 (φ3 ) λ3 x3 ×u03 (φ3 )

where (φi , λi ) for i = 1, 2, 3 correspond to (f10 , f20 , f30 ). Each pair (ui (φi ), u0i (φi )) spans the
tangent plane of fi0 ∈ Si . Hence a suitable linear combination of ui (φi ) and u0i (φi ) gives a
vector lying in the base plane ∆, denoted vi for i = 1, 2, 3. Since the three tangent planes
intersect at z ∈ ∆, each vi is collinear with xi − z. Selecting the origin at z, the Jacobian J2
can be equivalently written as
¶
µ
u1 (φ1 )
v1
u2 (φ2 )
v2
u3 (φ3 )
v3
.
J2 ∼
x1 ×u1 (φ1 ) 0 x2 ×u2 (φ2 ) 0 x3 ×u3 (φ3 ) 0
Recall that ν is the unit normal to ∆. Since v1 , v2 , v3 lie in ∆, the columns (v1 , 0), (v2 , 0), (v3 , 0)
imply that the left kernel of J2 is spanned by the row vector (ν, τ0 ), where τ0 is yet to be
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determined. Rather than explicitly compute τ0 , we express it in terms of two parameters:
xb = τ0 ×ν ∈ ∆ and p = τ0 ·ν ∈ IR (these parameters are the action point and pitch of the force
screw associated with the left kernel of J2 ). The expression for τ0 in terms of xb and p is
τ0 = xb ×ν + pν.
Recall that η i is the unit normal to the tangent plane of fi0 ∈ Si , pointing into the
interior of Ci for i = 1, 2, 3. Let ν̄ i denote the projection of η i on the base plane ∆,
ν̄ i = [I − νν T ]η i . Since the contact arrangement is tame, each Ci lies strictly above ∆.
Hence ν̄ i is non-vanishing and points into the interior of Ci for i = 1, 2, 3. Any local variation
fi0 + ∆fi ∈ Ci can be written as ∆fi = ∆fi1 + ∆fi2 , such that ∆fi1 is tangent to Si at
fi0 while ∆fi2 = κi ν̄ i for some κi ≥ 0. We now derive a condition guaranteeing that the
wrenches generated by fi0 + ∆fi ∈ Ci for i = 1, 2, 3 lie in the same halfspace bounded by
V . The wrench generated by fi0 + ∆fi1 is spanned by the two columns of J2 associated with
the ith contact. This wrench is therefore orthogonal to the left kernel of J2 . The wrench
generated by ∆fi2 = κi ν̄ i satisfies (ν, τ0 ) · (∆fi2 , xi ×∆fi2 ) = κi τ0 · (xi ×ν̄ i ), where we used
the fact that ν · ν̄ i = 0. Recall now that the origin is set at z ∈ ∆, so that xi lies in ∆ for
i = 1, 2, 3. Substituting τ0 = xb ×ν + pν, we obtain κi τ0 ·(xi ×ν̄ i ) = p κi ν ·(xi ×ν̄ i ), where
we used the fact that xb ×ν lies in ∆ while xi ×ν̄ i is orthogonal to ∆. Finally ν ×ν̄ i = ν ×η i ,
so we can use η i rather than its projection ν̄ i . Thus, all local force variations generate net
wrenches in the same halfspace bounded by V if the terms p κi ν · (xi ×η i ) possess the same
sign for i = 1, 2, 3. The sign agreement of the three terms is unaffected by the common
factor p and by the non-negative scalars s1 , s2 , s3 . Hence we obtain condition (11). This
condition ensures that all local force variations about (f10 , f20 , f30 ) in C1 ×C2 ×C3 generate net
wrenches in the same halfspace based at w0 and bounded by V . We now show that w0
consequently lies on the boundary of W . The linear map L maps rays in (f1 , f2 , f3 )-space to
rays in wrench space. Consider now the collection of rays (f10 , f20 , f30 )+s(∆f1 , ∆f2 , ∆f3 ) such
that (f10 , f20 , f30 ) + (∆f1 , ∆f2 , ∆f3 ) ∈ C1 ×C2 ×C3 and s ≥ 0. These rays span the (f1 , f2 , f3 )halfspace bounded by the tangent space to C1 ×C2 ×C3 at (f10 , f20 , f30 ). Since C1 ×C2 ×C3 is
convex, it is wholly contained in the latter halfspace. Condition (11) implies that the above
collection of rays is mapped by L to a collection of rays which spans the halfspace based at
w0 and bounded by V . Since W is the image of C1 ×C2 ×C3 under L, it lies wholly in this
halfspace, implying that w0 lies on the boundary of W .
¤
Proof Sketch for Corollary 4.1:
Since (φ1 , φ2 , φ3 )-space is compact, the implicit
solution of (9) and (10) consists of several disjoint loops. These loops are mapped by (5) to
e According to Proposition 4.4, any portion of an SSS
possibly overlapping SSS loops in R.
e is the image under (5) of points (φ1 , φ2 , φ3 ) satisfying
loop on the boundary of R
¡
¢
¡
¢
¡
¢
sgn ν ·((x1 −z) × η 1 (φ1 )) = sgn ν ·((x2 −z) × η 2 (φ2 )) = sgn ν ·((x3 −z) × η 3 (φ3 ) , (17)
where z(φ1 , φ2 , φ3 ) ∈ ∆ is the common intersection point of the tangent planes of fi ∈ Si for
e its portion on the boundary
i = 1, 2, 3. If an SSS loop lies partially on the boundary of R,
has two endpoints p1 and p2 . Beyond these endpoints the SSS loop locally lies in the interior
e implying that one of the terms in (17) switches its sign beyond p1 and p2 . A continuity
of R,
argument implies that this particular term must vanish at p1 and p2 .
We now show that all terms in (17) are non-vanishing on the 6D cell S1 ×S2 ×S3 as long
as z(φ1 , φ2 , φ3 ) 6= xi (i = 1, 2, 3). Recall that ∆i (φi ) is the tangent plane of fi ∈ Si . For a
tame contact arrangement ∆i (φi ) is transversal to the base plane ∆. By construction ν 6= 0
is orthogonal to ∆, η i 6= 0 is orthogonal to ∆i (φi ), while xi −z 6= 0 lies in the intersection
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∆ ∩ ∆i (φi ) (i = 1, 2, 3). Hence the triplet (ν, η i , xi − z) is never coplanar, implying that
ν · ((xi − z) × η i ) 6= 0 as long as z(φ1 , φ2 , φ3 ) 6= xi (i = 1, 2, 3). It follows that p1 and p2
are the images under (5) of two types of contact forces. The first are forces (f1 , f2 , f3 ) ∈
S1 ×S2 ×S3 for which z(φ1 , φ2 , φ3 ) = xi . These forces are mapped by (5) to endpoints of
three-contact SSI segments. The second are forces on the boundary of S1 ×S2 ×S3 , given
by 0×S2 ×S3 ∪ S1 ×0×S3 ∪ S1 ×S2 ×0. These forces are mapped by (5) to endpoints of twoe is bounded on both sides by
contact segments. Hence each SSS curve on the boundary of R
two-contact and three-contact linear segments.
¤
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